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CODIMENSION 1 MUKAI FOLIATIONS ON COMPLEX PROJECTIVE MANIFOLDS
CAROLINA ARAUJO AND STE´PHANE DRUEL
Abstract. In this paper we classify codimension 1 Mukai foliations on complex projective manifolds.
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1. Introduction
Codimension 1 holomorphic foliations on complex projective spaces are a central theme in complex dy-
namics. An important numerical invariant of such a foliation F is its degree deg(F ), defined as the number
of tangencies of a general line with F . Codimension 1 foliations on Pn with low degree present special
behavior, and those with deg(F ) 6 2 have been classified. Codimension 1 foliations on Pn with deg(F ) 6 1
were classified in [Jou79]. If deg(F ) = 0, then F is induced by a pencil of hyperplane sections, i.e., it is the
relative tangent sheaf to a linear projection Pn 99K P1. If deg(F ) = 1, then
• either F is induced by a pencil of hyperquadrics containing a double hyperplane, or
• F is the linear pullback of a foliation on P2 induced by a global holomorphic vector field.
Codimension 1 foliations of degree 2 on Pn were classified in [CLN96]. The space of such foliations has 6
irreducible components, and much is known about them. In particular, when n > 4, their leaves are always
covered by rational curves.
In this paper we extend this classification to arbitrary complex projective manifolds. In order to do so,
we reinterpret the degree of a foliation F on Pn as a numerical invariant defined in terms of its canonical
class KF := −c1(F ). For a codimension 1 foliation F on Pn, deg(F ) = n − 1 + deg(KF ). So, foliations
with low degree are precisely those with −KF most positive.
Definition 1 ([AD13]). A Fano foliation is a holomorphic foliation F on a complex projective manifold X
such that −KF is ample. The index ιF of F is the largest integer dividing −KF in Pic(X).
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It follows from [BM01, Theorem 0.1] that the leaves of a Fano foliation F are always covered by positive
dimensional rationally connected algebraic subvarieties of X . Recent results suggest that the higher is the
index of F , the higher is the dimension of these subvarieties. In order to state this precisely, we define the
algebraic and transcendental parts of a holomorphic foliation.
Definition 2. Let F be a holomorphic foliation of rank rF on a normal variety X . There exists a normal
variety Y , unique up to birational equivalence, a dominant rational map with connected fibers ϕ : X 99K Y ,
and a holomorphic foliation G on Y of rank rG = rF −
(
dim(X) − dim(Y )
)
such that the following holds
(see [LPT11, Section 2.4]).
(1) G is purely transcendental, i.e., there is no positive dimensional algebraic subvariety through a
general point of Y that is tangent to G ; and
(2) F is the pullback of G via ϕ (see 11 for this notion).
The foliation on X induced by ϕ is called the algebraic part of F , and its rank is the algebraic rank of F ,
which we denote by ra
F
. When ra
F
= rF , we say that F is algebraically integrable.
Theorem 3. Let F be a Fano foliation of rank rF on a complex projective manifold X. Then ιF 6 rF ,
and equality holds only if X ∼= Pn ([ADK08, Theorem 1.1]). In this case, by [DC05, The´ore`me 3.8], F is
induced by a linear projection Pn 99K Pn−rF . In particular, ra
F
= rF .
In analogy with the case of Fano manifolds, we define del Pezzo foliations to be Fano foliations F with
index ιF = rF − 1 > 1. Del Pezzo foliations were investigated in [AD13] and [AD12]. By [AD13, Theorem
1.1], if F is a del Pezzo foliation on a complex projective manifold X , then ra
F
= rF , except when X ∼= P
n
and F is the pullback under a linear projection of a transcendental foliation on Pn−rF+1 induced by a global
vector field, in which case ra
F
= rF − 1.
The following is the complete classification of codimension 1 del Pezzo foliations on complex projective
manifolds. For manifolds with Picard number 1, the classification was obtained in [LPT13, Proposition 3.7],
while [AD12, Theorem 1.3] deals with mildly singular varieties of arbitrary Picard number.
Theorem 4 ([AD12, Theorem 1.3]). Let F be a codimension 1 del Pezzo foliation on an n-dimensional
complex projective manifold X.
(1) Suppose that ρ(X) = 1. Then either X ∼= Pn and F is a degree 1 foliation, or X ∼= Qn ⊂ Pn+1 and
F is induced by a pencil of hyperplane sections.
(2) Suppose that ρ(X) > 2. Then there exist
• an exact sequence of vector bundles on P1, 0→ K → E → V → 0;
• a foliation by curves C on PC(K ), generically transverse to the natural projection p : PC(K )→
P1, induced by a nonzero global section of TP(K ) ⊗ q
∗ det(V )∗;
such that X ∼= PC(E ), and F is the pullback of C via the induced relative linear projection PC(E ) 99K
PC(K ). Moreover, one of the following holds.
(a) (E ,K ) ∼=
(
OP1(2)⊕ OP1(a)
⊕2,OP1(a)
⊕2
)
for some positive integer a.
(b) (E ,K ) ∼=
(
OP1(1)
⊕2 ⊕ OP1(a)
⊕2,OP1(a)
⊕2
)
for some positive integer a.
(c) (E ,K ) ∼=
(
OP1(1)⊕ OP1(a)⊕ OP1(b),OP1(a)⊕ OP1(b)
)
for distinct positive integers a and b.
Next we define Mukai foliations as Fano foliations F with index ιF = rF − 2 > 1. When X = Pn and
rF = n − 1 > 3, the Mukai condition is equivalent to deg(F ) = 2. One checks from the classification in
[CLN96] that ra
F
> rF − 2.
The aim of this paper is to classify codimension 1 Mukai foliations on complex projective manifolds
X 6∼= Pn. The classification is summarized in the following two theorems.
Theorem 5. Let F be a codimension 1 Mukai foliation on an n-dimensional complex projective manifold
X 6∼= Pn with ρ(X) = 1, n > 4. Then the pair (X,F ) satisfies one of the following conditions.
(1) X ∼= Qn ⊂ Pn+1 and F is one of the following.
(a) F cut out by a general pencil of hyperquadrics of Pn+1 containing a double hyperplane. In this
case, ra
F
= rF .
(b) F is the pullback under the restriction of a linear projection Pn+1 99K P2 of a foliation on P2
induced by a global vector field. In this case, ra
F
> rF − 1.
(2) X is a Fano manifold with ρ(X) = 1 and index ιX = n−1, and F is induced by a pencil in |OX(1)|,
where OX(1) is the ample generator of Pic(X). In this case, r
a
F
= rF .
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Remark 6. In case (2), by Fujita’s classification (see Section 3.1), X is isomorphic to one of the following:
• A cubic hypersurface in Pn+1.
• An intersection of two hyperquadrics in Pn+2.
• A linear section of the Grassmannian G(2, 5) ⊂ P9 under the Plu¨cker embedding.
• A hypersurface of degree 4 in the weighted projective space P(2, 1, . . . , 1).
• A hypersurface of degree 6 in the weighted projective space P(3, 2, 1, . . . , 1).
Theorem 7. Let X be an n-dimensional complex projective manifold with ρ(X) > 1, n > 4. Let F be a
codimension 1 Mukai foliation on X. Then one of the following holds.
(1) X admits a Pn−1-bundle structure π : X → P1, ra
F
= rF , and the restriction of F to a general fiber
of π is induced by a pencil of hyperquadrics of Pn−1 containing a double hyperplane.
(2) There exist
• a complete smooth curve C, together with an exact sequence of vector bundles on C
0 → K → E → V → 0,
with E ample of rank n, and r := rank(K ) ∈ {2, 3};
• a codimension 1 foliation G on PC(K ), generically transverse to the natural projection p :
PC(K )→ C, satisfying det(G ) ∼= p∗
(
det(V )
)
⊗ OPC(K )(r − 3) and r
a
G
> rG − 1;
such that X ∼= PC(E ), and F is the pullback of G via the induced relative linear projection PC(E ) 99K
PC(K ). In this case, r
a
F
> rF − 1.
(3) X admits a Qn−1-bundle structure π : X → P1, ra
F
= rF , and the restriction of F to a general fiber
of π is induced by a pencil of hyperplane sections of Qn−1. More precisely, there exist
• an exact sequence of vector bundles on P1
0 → K → E → V → 0,
with natural projections π : PP1(E )→ P
1 and q : PP1(K )→ P
1;
• an integer b and a foliation by rational curves G ∼= q∗
(
det(V )⊗ OP1(b)
)
on PP1(K );
such that X ∈
∣∣OP(E )(2)⊗π∗O(b)∣∣, and F is the pullback of G via the restriction to X of the relative
linear projection PP1(E ) 99K PP1(K ). Moreover, one of the following holds.
(a) (E ,K ) ∼= (OP1(a)
⊕2 ⊕ O⊕3
P1
,OP1(a)
⊕2) for some integer a > 1, and b = 2 (n=4).
(b) (E ,K ) ∼= (OP1(a)
⊕2 ⊕ O⊕2
P1
⊕ OP1(1),OP1(a)
⊕2) for some integer a > 1, and b = 1 (n=4).
(c) (E ,K ) ∼= (OP1(a)
⊕2 ⊕ OP1 ⊕ OP1(1)
⊕2,OP1(a)
⊕2) for some integer a > 1, and b = 0 (n=4).
(d) K ∼= OP1(a)
⊕2 for some integer a, and E is an ample vector bundle of rank 5 or 6 with
deg(E ) = 2 + 2a− b (n ∈ {4, 5}).
(e) K ∼= OP1(a)⊕ OP1(c) for distinct integers a and c, and E is an ample vector bundle of rank 5
or 6 with deg(E ) = 1 + a+ c− b (n ∈ {4, 5}).
(4) There exist
• a smooth projective surface S, together with an exact sequence of OS-modules
0 → K → E → Q → 0,
where K , E , and V := Q∗∗ are vector bundles on S, E is ample of rank n−1, and rank(K ) = 2;
• a codimension 1 foliation G on PS(K ), generically transverse to the natural projection q :
PS(K )→ S, satisfying det(G ) ∼= q∗ det(V ) and raG > 1;
such that X ∼= PS(E ), and F is the pullback of G via the induced relative linear projection PC(E ) 99K
PC(K ). In this case, r
a
F
> rF − 1. Moreover, one of the following holds.
(a) S ∼= P2, det(V ) ∼= OP2(i) for some i ∈ {1, 2, 3}, and 4 6 n 6 3 + i.
(b) S is a del Pezzo surface 6∼= P2, det(V ) ∼= OS(−KS) , and 4 6 n 6 5.
(c) S ∼= P1 × P1, det(V ) is a line bundle of type (1, 1), (2, 1) or (1, 2), and n = 4.
(d) S ∼= Fe for some integer e > 1, det(V ) ∼= OFe(C0+(e+ i)f), where i ∈ {1, 2}, C0 is the minimal
section of the natural morphism Fe → P
1, f is a general fiber, and n = 4.
(5) n = 5, X is the blowup of one point P ∈ P5, and F is induced by a pencil of hyperplanes in P5
containing P in its base locus.
(6) n = 4, X is the blowup of P4 at m 6 8 points in general position on a plane P2 ∼= S ⊂ P4, and F is
induced by the pencil of hyperplanes in P4 with base locus S.
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(7) n = 4, X is the blowup of a smooth quadric Q4 at m 6 7 points in general position on a codimension
2 linear section Q2 ∼= S ⊂ Q4, and F is induced by the pencil of hyperplanes sections of Q4 ⊂ P5
with base locus S.
Remark 8.
• Foliations G that appear in Theorem 7(2) are classified in Proposition 46.
• Foliations G that appear in Theorem 7(4) are classified in Remark 58, Proposition 60, Proposition 65,
and Proposition 68.
This paper is organized as follows.
In Section 2, we review basic definitions and results about holomorphic foliations and Fano foliations.
Section 3 is devoted to Mukai foliations on manifolds with Picard number 1. First we show that if X is a
manifold with ρ(X) = 1 admitting a codimension 1 Mukai foliation F , then X is a Fano manifold with index
ιX > dim(X)− 1 (Lemma 27). The proof of Theorem 5 relies on the classification of such manifolds, which
is reviewed in Section 3.1. The proof distinguishes two cases, depending on whether or not F is semi-stable.
When F is not semi-stable, then it contains a codimension 2 del Pezzo subfoliation G . Such foliations are
classified in Section 3.2 (Theorem 28).
Section 4 is devoted to Mukai foliations on manifolds with Picard number > 1. The existence of a
codimension 1 Mukai foliation F on a manifold X with ρ(X) > 1 implies the existence of an extremal ray in
NE(X) with large length. We use adjunction theory to classify all possible contractions of such extremal rays
(Theorem 40). In order to prove Theorem 7, we analyze the behavior of the foliation F with respect to the
contraction of a large extremal ray. This is done separately for each type of contraction. Section 4.2 deals
with projective space bundles over curves. Section 4.3 deals with quadric bundles over curves. Section 4.4
deals with projective space bundles over surfaces. Birational contractions are treated in Section 4.5.
Notation and conventions. We always work over the field C of complex numbers. Varieties are always
assumed to be irreducible. We denote by Sing(X) the singular locus of a variety X .
Given a sheaf F of OX -modules on a variety X , we denote by F
∗ the sheaf HomOX (F ,OX). If r is the
generic rank of F , then we denote by det(F ) the sheaf (∧rF )∗∗. If G is another sheaf of OX -modules on
X , then we denote by F [⊗]G the sheaf (F ⊗ G )∗∗.
If E is a locally free sheaf of OX -modules on a variety X , we denote by PX(E ) the Grothendieck projec-
tivization ProjX(Sym(E )), and by OP(1) its tautological line bundle.
If X is a normal variety and X → Y is any morphism, we denote by TX/Y the sheaf (Ω
1
X/Y )
∗. In
particular, TX = (Ω
1
X)
∗.
If X is a smooth variety and D is a reduced divisor on X with simple normal crossings support, we denote
by Ω1X(log D) the sheaf of differential 1-forms with logarithmic poles along D, and by TX(−log D) its dual
sheal Ω1X(log D)
∗. Notice that det(Ω1X(log D))
∼= OX(KX +D).
We denote by Qn a (possibly singular) quadric hypersurface in Pn+1.
Given line bundles L1 and L2 on varieties X and Y , we denote by L1⊠L2 the line bundle π
∗
1L1⊗π
∗
2L2
on X × Y , where π1 and π2 are the projections onto X and Y , respectively.
Let L be a Cartier divisor on a projective variety. We denote by Bs(L) the base locus of the complete
linear system |L|.
Acknowledgements. Much of this work was developed during the authors’ visits to IMPA and Institut
Fourier. We would like to thank both institutions for their support and hospitality.
2. Preliminaries
2.1. Foliations.
Definition 9. A foliation on a normal variety X is a (possibly zero) coherent subsheaf F ( TX such that
• F is closed under the Lie bracket, and
• F is saturated in TX (i.e., TX/F is torsion free).
The rank rF of F is the generic rank of F . The codimension of F is defined as qF := dim(X)− rF > 1.
The inclusion F →֒ TX induces a nonzero map
η : ΩrFX = ∧
rF (Ω1X)→ ∧
rF (T ∗X)→ ∧
rF (F ∗)→ det(F ∗).
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The singular locus of F is the singular scheme of this map. I.e., it is the closed subscheme of X whose ideal
sheaf is the image of the induced map ΩrFX [⊗] det(F )→ OX .
A closed subvariety Y of X is said to be invariant by F if it is not contained in the singular locus of F ,
and the restriction η|Y : Ω
rF
X |Y → det(F
∗)|Y factors through the natural map Ω
rF
X |Y → Ω
rF
Y .
10 (Foliations defined by q-forms). Let F be a codimension q foliation on an n-dimenional normal variety
X . The normal sheaf of F is NF := (TX/F )
∗∗. The q-th wedge product of the inclusion N∗
F
→֒ (Ω1X)
∗∗
gives rise to a nonzero global section ω ∈ H0
(
X,ΩqX [⊗] det(NF )
)
whose zero locus has codimension at least
2 in X . Such ω is locally decomposable and integrable. To say that ω is locally decomposable means that, in a
neighborhood of a general point of X , ω decomposes as the wedge product of q local 1-forms ω = ω1∧· · ·∧ωq .
To say that it is integrable means that for this local decomposition one has dωi ∧ ω = 0 ∀i ∈ {1, . . . , q}.
Conversely, let L be a reflexive sheaf of rank 1 on X , q > 1, and ω ∈ H0(X,ΩqX [⊗]L ) a global section
whose zero locus has codimension at least 2 in X . Suppose that ω is locally decomposable and integrable.
Then one defines a foliation of rank r = n − q on X as the kernel of the morphism TX → Ω
q−1
X [⊗]L given
by the contraction with ω. These constructions are inverse of each other.
11 (Foliations described as pullbacks). Let X and Y be normal varieties, and ϕ : X 99K Y a dominant
rational map that restricts to a morphism ϕ◦ : X◦ → Y ◦, where X◦ ⊂ X and Y ◦ ⊂ Y are smooth open
subsets.
Let G be a codimension q foliation on Y defined by a twisted q-form ω ∈ H0
(
Y,ΩqY [⊗] det(NG )
)
. Then
ω induces a nonzero twisted q-form ωX◦ ∈ H0
(
X◦,ΩqX◦ [⊗](ϕ
◦)∗
(
det(NG )|Y ◦
))
which in turn defines a
codimension q foliation F ◦ on X◦. We say that the saturation F of F ◦ in TX is the pullback of G via ϕ,
and write F = ϕ−1G .
Suppose that X◦ can be taken so that ϕ◦ is an equidimensional morphism. Let (Bi)i∈I be the (possibly
empty) set of hypersurfaces in Y ◦ contained in the set of critical values of ϕ◦ and invariant by G . A
straightforward computation shows that
(2.1) NF◦ ∼= (ϕ
◦)∗NG|Y ◦ ⊗ OX◦
(∑
i∈I
(
(ϕ◦)∗Bi
)
red
− (ϕ◦)∗Bi
)
.
Conversely, let F be a foliation on X , and suppose that the general fiber of ϕ is tangent to F . This
means that, for a general point x on a general fiber F of ϕ, the linear subspace Fx ⊂ TxX determined by
the inclusion F ⊂ TX contains TxF . Suppose moreover that ϕ
◦ is smooth with connected fibers. Then, by
[AD13, Lemma 6.7], there is a holomorphic foliation G on Y such that F = ϕ−1G . Suppose that X◦ can
be taken so that codimX(X \ X◦) > 2. Denote by TX/Y the saturation of TX◦/Y ◦ in TX , and by ϕ
∗G an
extension of (ϕ◦)∗G|Y ◦ to X . Then (2.1) gives
(2.2) det(F ) ∼= det(TX/Y )[⊗] det(ϕ
∗
G ).
Definition 12. Let F be a foliation on a normal projective variety X . The canonical class KF of F is
any Weil divisor on X such that OX(−KF ) ∼= det(F ).
13 (Restricting foliations to subvarieties). Let X be a smooth projective variety, and F a codimension q
foliation on X defined by a twisted q-form ω ∈ H0
(
X,ΩqX ⊗ det(NF )
)
. Let Z be a smooth subvariety with
normal bundle NZ/X . Suppose that the restriction of ω to Z is nonzero. Then it induces a nonzero twisted
q-form ωZ ∈ H0
(
Z,ΩqZ ⊗ det(NF )|Z
)
, and a codimension q foliation FZ on Z. There is a maximal effective
divisor B on Z such that ωZ ∈ H0
(
Z,ΩqZ ⊗ det(NF )|Z(−B)
)
. A straightforward computation shows that
OZ
(
KFZ
)
∼= det(NZ/X)(KF |Z −B).
Definition 14. Let X be normal variety. A foliation F on X is said to be algebraically integrable if the leaf
of F through a general point of X is an algebraic variety. In this situation, by abuse of notation we often
use the word leaf to mean the closure in X of a leaf of F .
15 ([AD13, Lemma 3.2]). Let X be normal projective variety, and F an algebraically integrable foliation
on X . There is a unique irreducible closed subvariety W of Chow(X) whose general point parametrizes the
closure of a general leaf of F (viewed as a reduced and irreducible cycle in X). In other words, if U ⊂W ×X
is the universal cycle, with universal morphisms π : U → W and e : U → X , then e is birational, and, for a
general point w ∈ W , e
(
π−1(w)
)
⊂ X is the closure of a leaf of F .
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We call the normalization W˜ of W the space of leaves of F , and the induced rational map X 99K W˜ a
rational first integral for F .
We end this subsection with a useful criterion of algebraic integrability for foliations.
Theorem 16 ([BM01, Theorem 0.1], [KSCT07, Theorem 1]). Let X be a normal complex projective variety,
and F a foliation on X. Let C ⊂ X be a complete curve disjoint from the singular loci of X and F . Suppose
that the restriction F|C is an ample vector bundle on C. Then the leaf of F through any point of C is an
algebraic variety, and the leaf of F through a general point of C is rationally connected.
2.2. Fano foliations.
Definition 17. Let F be a foliation on a normal projective variety X . We say that F is a Fano foliation
(respectively Q-Fano foliation) if −KF is an ample Cartier (respectively Q-Cartier) divisor on X .
The index ιF of a Fano foliation F on X is the largest integer dividing −KF in Pic(X). We say that a
Fano foliation F is a del Pezzo foliation if ιF = rF − 1. We say that it is a Mukai foliation if ιF = rF − 2.
The existence of a Q-Fano foliation on a variety X imposes strong restrictions on X .
Theorem 18 ([AD12, Theorem 1.4]). Let X be a klt projective variety, and F ( TX a Q-Fano foliation.
Then KX −KF is not pseudo-effective.
Suppose that a complex projective manifold X admits a Fano foliation F . By Theorem 18, KX is not
pseudo-effective, and hence X is uniruled by [BDPP13]. So we can consider a minimal dominating family of
rational curves on X . This is an irreducible component H of RatCurvesn(X) such that
• the curves parametrized by H sweep out a dense subset of X , and
• for a general point x ∈ X , the subset of H parametrizing curves through x is proper.
To compute the intersection number −KF · ℓ, where ℓ is a general curve from the family H , we will use the
following observations.
Lemma 19. Let X be a complex projective manifold, and F a codimension one foliation on X. Let C ⊂ X
be a curve not contained in the singular locus of F , and denote by g its geometric genus. If C is not tangent
to F , then −KF · C 6 −KX · C + 2g − 2.
Proof. Set n := dim(X), and let ω ∈ H0
(
X,Ω1X ⊗ det(NF )
)
be a 1-form defining F , as in 10. Consider
the normalization morphism f : C˜ → C ⊂ X . The pullback of ω to C˜ yields a nonzero 1-form ω˜ ∈
H0
(
C˜,Ω1
C˜
⊗ f∗ det(NF )
)
. Thus deg
(
Ω1
C˜
⊗ f∗ det(NF )
)
> 0, proving the lemma. 
Lemma 20. Let X be a uniruled complex projective manifold, and F a foliation on X. Let ℓ ⊂ X be a
general member of a minimal dominating family of rational curves on X. If ℓ is not tangent to F , then
−KF · ℓ 6 −KX · ℓ− 2.
Proof. Set n := dim(X). Consider the normalization morphism f : P1 → ℓ ⊂ X . By [Kol96, IV.2.9],
f∗TX ∼= OP1(2)⊕ OP1(1)
⊕d ⊕ O
⊕(n−d−1)
P1
, where 0 6 d = −KX · ℓ − 2 6 n− 1. Write f∗F ∼= ⊕
rF
i=1OP1(ai).
Since ℓ is general, f∗F is a subbundle of f∗TX , and since ℓ is not tangent to F , the inclusion f
∗F →֒ f∗TX
induces an inclusion
⊕rFi=1OP1(ai)
∼= f∗F →֒ f∗TX/TP1 ∼= OP1(1)
⊕d ⊕ O
⊕(n−d−1)
P1
.
Thus ai 6 1 for 1 6 i 6 rF , and
−KF · ℓ =
rF∑
i=1
ai 6 d = −KX · ℓ− 2.
This completes the proof of the lemma. 
Definition 21. Let F be an algebraically integrable foliation on a complex projective manifold X . Let
i : F˜ → X be the normalization of the closure of a general leaf of F . There is an effective divisor ∆˜ on F˜
such that KF˜ + ∆˜ ∼ i
∗KF ([AD13, Definition 3.4]). The pair (F˜ , ∆˜) is called a general log leaf of F .
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In [AD13], we applied the notions of singularities of pairs, developed in the context of the minimal model
program, to the log leaf (F˜ , ∆˜) . The case when (F˜ , ∆˜) is log canonical is specially interesting. We refer to
[KM98, section 2.3] for the definition of log canonical pairs. Here we only remark that if F˜ is smooth and ∆˜
is a reduced simple normal crossing divisor, then (F˜ , ∆˜) is log canonical.
Proposition 22 ([AD13, Proposition 5.3] ). Let F be an algebraically integrable Fano foliation on a complex
projective manifold X. Suppose that the general log leaf of F is log canonical. Then there is a common point
contained in the closure of a general leaf of F .
2.3. Fano Foliations with large index on Pn and Qn.
Jouanolou’s classification of codimension 1 foliations on Pn of degree 0 and 1 has been generalized to
arbitrary rank in [DC05] and [LPT13], respectively. The degree deg(F ) of a foliation F on Pn is defined as
the degree of the locus of tangency of F with a general linear subspace Pn−rF ⊂ Pn. By 10, a codimension
q foliation on Pn of degree d is given by a twisted q-form ω ∈ H0
(
Pn,ΩqPn(q+d+1)
)
. One easily checks that
deg(F ) = deg(KF ) + rF .
23 ( [DC05, The´ore`me 3.8]). A codimension q foliation of degree 0 on Pn is induced by a linear projection
Pn 99K Pq.
24 ([LPT13, Theorem 6.2]). A codimension q foliation F of degree 1 on Pn satisfies one of the following
conditions.
• F is induced by a dominant rational map Pn 99K P(1q, 2), defined by q linear forms L1, . . . , Lq and
one quadratic form Q; or
• F is the linear pullback of a foliation on Pq+1 induced by a global holomorphic vector field.
In the first case, F is induced by the q-form on Cn+1
Ω =
q∑
i=1
(−1)i+1LidL1 ∧ · · · ∧ d̂Li ∧ · · · ∧ dLq ∧ dQ + (−1)
q2QdL1 ∧ · · · ∧ dLq
= (−1)q
( n+1∑
i=q+1
Lj
∂Q
∂Li
)
dL1 ∧ · · · ∧ dLq
+
q∑
i=1
n+1∑
j=q+1
(−1)i+1Li
∂Q
∂Lj
dL1 ∧ · · · ∧ d̂Li ∧ · · · ∧ dLq ∧ dLj ,
where Lq+1, . . . , Ln+1 are linear forms such that L1, . . . , Ln+1 are linearly independent. The singular locus
of F is the union of the quadric {L1 = · · · = Lq = Q = 0} ∼= Qn−q−1 and the linear subspace {
∂Q
∂Lq+1
=
· · · = ∂Q∂Ln+1 = 0}.
In the second, case the singular locus of F is the union of linear subspaces of codimension at least 2
containing the center Pn−q−2 of the projection.
25 ([AD14, Proposition 3.17]). A codimension q del Pezzo foliation on a smooth quadric hypersurface
Qn ⊂ Pn+1 is induced by the restriction of a linear projection Pn+1 99K Pq.
3. Codimension 1 Mukai foliations on Fano manifolds with ρ = 1
3.1. Fano manifolds of high index.
A Fano manifold X is a complex projective manifold whose anti-canonical class −KX is ample. The
index ιX of X is the largest integer dividing −KX in Pic(X). By Kobayachi-Ochiai’s theorem ([KO73]),
ιX 6 n+ 1, equality holds if and only if X ∼= Pn, and ιX = n if and only if X ∼= Qn ⊂ Pn+1.
Fano manifolds with ιX = dimX − 1 were classified by Fujita in [Fuj80], [Fuj81] and [Fuj84]. Those with
Picard number 1 are isomorphic to one of the following.
(1) A cubic hypersurface in Pn+1.
(2) An intersection of two hyperquadrics in Pn+2.
(3) A linear section of the Grassmannian G(2, 5) ⊂ P9 under the Plu¨cker embedding.
(4) A hypersurface of degree 4 in the weighted projective space P(2, 1, . . . , 1).
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(5) A hypersurface of degree 6 in the weighted projective space P(3, 2, 1, . . . , 1).
A Fano manifold X such that (dimX − 1) divides ιX is called a del Pezzo manifold. In this case, either
X ∼= P3, or ιX = dimX − 1.
Fano manifolds with ιX = dimX− 2 are called Mukai manifolds. Their classification was first announced
in [Muk92]. We do not include it here. Instead, we refer to [AC12, Theorem 7] for the full list of Mukai
manifolds with Picard number 1, and state below the property that we need. This property can be checked
directly for each Mukai manifold in the list.
Remark 26. Let X be a Mukai manifold with ρ(X) = 1 and dimX > 4. Denote by L the ample generator
of Pic(X). Then X is covered by rational curves having degree 1 with respect to L .
If a complex projective manifold X with ρ(X) = 1 admits a Fano foliation F , then X is a Fano manifold
with index ιX > ιF by Theorem 18. When ιF is high, we can improve this bound.
Lemma 27. Let X be an n-dimensional Fano manifold with Picard number 1, n > 4, and F a Fano foliation
on X. Suppose that ιF > n− 3. Then ιX > ιF + 2.
Proof. By Theorem 3, ιF 6 rF , and equality holds only if X ∼= P
n. If ιF = rF − 1 = n − 2, then either
X ∼= Pn or X ∼= Qn ⊂ Pn+1 by Theorem 4. In all these cases we have ιX > ιF +2. So we may assume from
now on that ιF = n− 3 and rF ∈ {n− 2, n− 1}.
Let L be the ample generator of Pic(X). Let H be a minimal dominating family of rational curves on
X , and ℓ a general curve parametrized by H . By [CMSB02], −KX · ℓ = n+ 1 if and only if X ∼= Pn. So we
may assume that −KX · ℓ 6 n. Set λ := L · ℓ.
By [Hwa98, Proposition 2], ℓ is not tangent to F . Hence, by Lemma 20,
λ(n− 3) = −KF · ℓ 6 −KX · ℓ− 2 6 n− 2.
If λ > 1, then λ = 2, n = 4 and ιX = 2, contradicting Remark 26. So we conclude that λ = 1, and thus
ιX = −KX · ℓ > −KF · ℓ+ 2 = ιF + 2.
This completes the proof of the lemma. 
3.2. Del Pezzo foliations of codimension 2.
When proving Theorem 5, we distinguish the cases when the codimension 1 Mukai foliation F is semi-
stable or not. When F is not semi-stable, we will show that it contains a codimension 2 del Pezzo subfoliation.
The aim of this subsection is to provide a classification of these.
Theorem 28. Let X be an n-dimensional Fano manifold with ρ(X) = 1, n > 4, and G a codimension 2 del
Pezzo foliation on X. Then the pair (X,G ) satisfies one of the following conditions.
(1) X ∼= Pn and G is the pullback under a linear projection of a foliation on P3 induced by a global vector
field.
(2) X ∼= Pn and G is induced by a rational map Pn 99K P(2, 1, 1) defined by one quadratic form and two
linear forms.
(3) X ∼= Qn ⊂ Pn+1 and G is induced by the restriction of a linear projection Pn+1 99K P2.
Throughout this subsection, we will use the following notation.
Notation. Let X be an n-dimensional Fano manifold with ρ(X) = 1 and L an ample line bundle on X
such that Pic(X) = Z[L ]. Given a sheaf of OX -modules E on X and an integer m, we denote by E (m) the
twisted sheaf E ⊗L ⊗m.
Under the assumptions of Theorem 28, G is defined by a nonzero section ω ∈ H0
(
X,Ω2X(ιX − n + 3)
)
as in 10. In order to compute these cohomology groups, we will use the knowledge of several cohomology
groups of special Fano manifolds, which we gather below.
29 (Bott’s formulae). Let p, q and k be integers, with p and q nonnegative. Then
hp
(
Pn,ΩqPn(k)
)
=


(
k+n−q
k
)(
k−1
q
)
for p = 0, 0 6 q 6 n and k > q,
1 for k = 0 and 0 6 p = q 6 n,(
−k+q
−k
)(
−k−1
n−q
)
for p = n, 0 6 q 6 n and k < q − n,
0 otherwise.
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30 ([Fle81, Satz 8.11]). Let X be a smooth n-dimensional complete intersection in a weighted projective
space. Then
(1) hq(X,ΩqX) = 1 for 0 6 q 6 n, q 6=
n
2 .
(2) hp
(
X,ΩqX(t)
)
= 0 in the following cases
• 0 < p < n, p+ q 6= n and either p 6= q or t 6= 0;
• p+ q > n and t > q − p;
• p+ q < n and t < q − p.
31. Let X be an n-dimensional Fano manifold with ρ(X) = 1. By [ADK08, Theorem 1.1], h0
(
X,ΩqX(ιX −
n+ q)
)
= 0 unless X ∼= Pn, or X ∼= Qn and q = n. In particular for a smooth hyperquadric Q = Qn ⊂ Pn+1,
n > 3, h0
(
Q,Ω2Q(2)
)
= 0.
32 ([AD13, Lemma 4.5]). Let X ⊂ Pn+1 be a smooth hypersurface of degree d > 3. Suppose that q > 1 and
t 6 q 6 n− 2. Then h0
(
X,ΩqX(t)
)
= 0.
33. Let Y be an n-dimensional Fano manifold with ρ(Y ) = 1, and X ∈
∣∣OY (d)∣∣ a smooth divisor. The
following exact sequences will be used to relate foliations on X with foliations on Y .
(3.1) 0 → ΩqY (t− d) → Ω
q
Y (t) → Ω
q
Y (t)|X → 0, and
(3.2) 0 → Ωq−1X (t− d) → Ω
q
Y (t)|X → Ω
q
X(t) → 0.
By [PW95, Lemma 1.2], if hp(Y,Ωq−1Y ) 6= 0 and p + q − 1 < n, then the map in cohomology induced by
the exact sequence (3.2) (with t = d)
Hp(X,Ωq−1X ) → H
p
(
X,ΩqY (d)|X)
is nonzero.
34. Let a0, . . . , an be positive integers such that gcd(a0, . . . , aˆi, . . . an) = 1 for every i ∈ {0, . . . , n}. Denote
by S = S(a0, . . . , an) the polynomial ring C[x0, . . . , xn] graded by deg xi = ai, and by P := P(a0, . . . , an) the
weighted projective space Proj
(
S(a0, . . . , an)
)
. For each t ∈ Z, let OP(t) be the OP-module associated to the
graded S-module S(t).
Consider the sheaves of OP-modules Ω
q
P(t) defined in [Dol82, 2.1.5] for q, t ∈ Z, q > 0. If U ⊂ P denotes the
smooth locus of P, and OU (t) is the line bundle obtained by restricting OP(t) to U , then Ω
q
P(t)|U = Ω
q
U⊗OU (t).
The cohomology groups Hp
(
P,Ω
q
P(t)
)
are described in [Dol82, 2.3.2]. We will need the following:
• h0
(
P,Ω
q
P(t)
)
=
∑q
i=0
(
(−1)i+q
∑
#J=i dimC
(
St−aJ
))
, where J ⊂ {0, . . . , n} and aJ :=
∑
i∈J ai.
• hp
(
P,Ω
q
P(t)
)
= 0 if p 6∈ {0, q, n}.
Now suppose that P has only isolated singularities, let d > 0 be such that OP(d) is a line bundle generated
by global sections, and X ∈
∣∣OP(d)∣∣ a smooth hypersurface. We will use the cohomology groupsHp(P,ΩqP(t))
to compute some cohomology groups Hp
(
X,ΩqX(t)
)
. Note that X is contained in the smooth locus of P, so
we have an exact sequence as in (3.2):
(3.3) 0 → Ωq−1X (t− d) → Ω
q
P(t)|X → Ω
q
X(t) → 0.
Tensoring the sequence
0 → OP(−d) → OP → OX → 0.
with the sheaf Ω
q
P(t), and noting that Ω
q
P(t)⊗ OP(−d) ∼= Ω
q
P(t− d), we get an exact sequence as in (3.1):
(3.4) 0 → Ω
q
P(t− d) → Ω
q
P(t) → Ω
q
P(t)|X → 0.
Proof of Theorem 28. By Lemma 27, ιX > n− 1. Recall the classification of Fano manifolds of high index
discussed in Subsection 3.1. We will go through the manifolds in that list, and determine all codimension 2
del Pezzo foliations on them.
Suppose first that X ∼= Pn. Then G is a codimension 2 foliation of degree 1 on Pn. Such foliations are
described in 24.
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Suppose that X is a smooth hyperquadric Q = Qn ⊂ Pn+1. Codimension 2 del Pezzo foliation on Qn are
described in 25.
From now on we suppose that ιX = n−1. We consider the 5 possibilities forX described in Subsection 3.1.
If we show that h0
(
X,Ω2X(2)
)
= 0, then it follows from 10 that X does not admit del Pezzo foliations of
codimension 2.
• X is a cubic hypersurface in Pn+1. The vanishing h0
(
X,Ω2X(2)
)
= 0 follows from 32 above.
• X is the intersection of two hyperquadrics in Pn+2.
Let Q and Q′ be smooth hyperquadrics in Pn+2 such that X = Q ∩ Q′. Consider the exact sequences of
33 for Y = Q, d = 2, q = 2 and t = 2. They induce maps of cohomology groups:
H0
(
Q,Ω2Q(2)
)
→ H0
(
X,Ω2Q(2)|X
)
→ H0
(
X,Ω2X(2)
)
.
We will show that the composed map H0
(
Q,Ω2Q(2)
)
→ H0
(
X,Ω2X(2)
)
is surjective. Since h0
(
Q,Ω2Q(2)
)
= 0
by 31, the required vanishing h0
(
X,Ω2X(2)
)
= 0 will follow.
Surjectivity of the first map H0
(
Q,Ω2Q(2)
)
→ H0
(
X,Ω2Q(2)|X
)
follows from the vanishing of H1
(
Q,Ω2Q
)
granted by 30. To prove surjectivity of the second map, we consider the long exact sequence in coho-
mology associated to the sequence (3.2). By 30, H1
(
Q,Ω1Q
)
∼= C. So, as we noted in 33 above, the
map H1(X,Ω1X) → H
1
(
X,Ω2Q(2)|X) is nonzero. Since H
1
(
X,Ω1X
)
∼= C by 30, we conclude that the map
H1(X,Ω1X)→ H
1
(
X,Ω2Q(2)|X) is injective, and thus the map H
0
(
X,Ω2Q(2)|X
)
→ H0
(
X,Ω2X(2)
)
is surjec-
tive.
• X is a linear section of the Grassmannian G(2, 5) ⊂ P9 of codimension c 6 2.
We will show that X does not admit del Pezzo foliations of codimension 2. By 13 and 31, it is enough to
prove this in the case c = 2.
By [Fuj81, Theorem 10.26], X can be described as follows. There is a plane P2 ∼= P ⊂ X such that the
blow-up f : Y → X of X along P admits a morphism g : Y → P4. Moreover, g is the blow-up of P4 along a
rational normal curve C of degree 3 contained in an hyperplane H ⊂ P4. Denote by E and F the exceptional
loci of f and g, respectively. Then q(E) = H , f∗OX(1) ∼= g∗OP4(2)⊗OY (−F ), and g
∗OP4(1) ∼= OY (E +F ).
Suppose that X admits a codimension 2 del Pezzo foliation G , which is defined by a twisted 2-form
ω ∈ H0
(
X,Ω2X(2)
)
. Then ω induces a twisted 2-form α ∈ H0
(
Y,Ω2Y ⊗ f
∗OX(2)
)
∼= H0
(
Y,Ω2Y ⊗ g
∗OP4(4)⊗
OY (−2F )
)
. The restriction of α to Y \ F induces a twisted 2-form α˜ ∈ H0
(
P4,Ω2
P4
(4)
)
vanishing along C.
Denote by G˜ the foliation on P4 induced by α˜. There are two possibilities:
• Either α˜ vanishes along H , and hence G˜ is a degree 0 foliation on P4; or
• G˜ is a degree 1 foliation on P4 containing C in its singular locus.
In the first case, α vanishes along E, and thus α ∈ H0
(
Y,Ω2Y ⊗ f
∗OX(2) ⊗ OY (−E)
)
∼= H0
(
Y,Ω2Y ⊗
g∗OP4(3)⊗OY (−F )
)
. Therefore C must be tangent to G˜ , which is impossible since G˜ is induced by a linear
projection P4 99K P2.
To see that the second case cannot occur either, recall the description of the two types of codimension 2
degree 1 foliations on P4 from 24. In all these foliations, any irreducible component of the singular locus is
either a linear subspace of dimension at most 2, or a conic. This proves the claim.
• X is a hypersurface of degree 4 in the weighted projective space P(2, 1, . . . , 1) or a hypersurface
of degree 6 in the weighted projective space P(3, 2, 1, . . . , 1) .
Consider the exact sequences of 34 for P := P(2, 1, . . . , 1), d = 4, q = 2 and t = 2 (respectively P :=
P(3, 2, 1, . . . , 1), d = 6, q = 2 and t = 2). They induce maps of cohomology groups:
H0
(
P,Ω
2
P(2)
)
→ H0
(
X,Ω
2
P(2)|X
)
→ H0
(
X,Ω2X(2)
)
.
We will show that the composed map H0
(
P,Ω
2
P(2)
)
→ H0
(
X,Ω2X(2)
)
is surjective. Since h0
(
P,Ω
2
P(2)
)
= 0
by Dolgachev’s formulae described in 34, the required vanishing h0
(
X,Ω2X(2)
)
= 0 follows.
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Surjectivity of the first map H0
(
P,Ω
2
P(2)
)
→ H0
(
X,Ω
2
P(2)|X
)
follows from the vanishing of H1
(
P,Ω
2
P(2−
d)
)
, granted by Dolgachev’s formulae. Surjectivity of the second map H0
(
X,Ω
2
P(2)|X
)
→ H0
(
X,Ω2X(2)
)
follows from the vanishing of H1
(
X,Ω1X(2− d)
)
, granted by 30. 
3.3. Proof of Theorem 5.
Let F be a codimension 1 Mukai foliation on an n-dimensional complex projective manifold X 6∼= Pn with
ρ(X) = 1, n > 4. We will consider two cases, according to whether or not F is semi-stable.
Lemma 35 ([AD13, Proposition 7.5]). Let F be a Fano foliation on a Fano manifold X with ρ(X) = 1.
Then one of the following holds.
(1) Either F is semi-stable; or
(2) there exits a Fano subfoliation G ( F such that ιG > ιF .
Suppose first that F is semi-stable, and denote by L the ample generator of Pic(X). In this case, we
will use the following result to classify the possible pairs (X,F ).
Lemma 36 ([LPT13, Proposition 3.5]). Let X be a Fano manifold with ρ(X) = 1, and F a semi-stable
codimension 1 Fano foliation on X. Then F is induced by a dominant rational map of the form
ϕ = (s⊗m11 : s
⊗m2
2 ) : X 99K P
1,
where m1 and m2 are relatively prime positive integers, and s1 and s2 are sections of line bundles L1 and
L2 such that L
⊗m1
1
∼= L ⊗m22 , and L1 ⊗L2
∼= OX(−KX +KF ).
In our setting, Lemma 36 says that there are positive integers λ and a > b such that a and b relatively
prime, λ(a+ b) = ιX − ιF , and F is induced by a pencil of hypersurfaces generated by b ·F and a ·G, where
F ∈
∣∣L⊗λa∣∣ and G ∈ ∣∣L⊗λb∣∣.
If X ∼= Qn ⊂ Pn+1, then a = 2 and b = 1. Thus F is cut out by a pencil of hyperquadrics of Pn+1
containing a double hyperplane.
If X is a del Pezzo manifold, then a = b = 1, and F is induced by a pencil in |L |.
From now on, we assume that F is not semi-stable. By Lemma 35, there exits a Fano subfoliation G ( F
such that ιG > n − 3. By Theorem 3, ιG = n − 3, and rG = n − 2, i.e., G is a codimension 2 del Pezzo
foliation on X . By Theorem 28, X ∼= Qn ⊂ Pn+1, and G is induced by the restriction to Qn of a linear
projection ϕ : Pn+1 99K P2. By (2.2), F is the pullback via ϕ|Qn of a foliation on P
2 induced by a global
vector field. This completes the proof of Theorem 5. 
4. Codimension 1 Mukai foliations on manifolds with ρ > 1
In this section we prove Theorem 7. Our setup is the following.
Assumptions 37. Let X be an n-dimensional complex projective manifold with ρ(X) > 1, and F a
codimension 1 Mukai foliation on X (n > 4). Let L be an ample divisor on X such that −KF ∼ (n− 3)L,
and set L := OX(L).
Under Assumptions 37, Theorem 18 implies KX + (n− 3)L is not nef. Smooth polarized varieties (X,L)
satisfying this condition have been classified. We explain this classification in Subsection 4.1, and then use
it in the following subsections to prove Theorem 7.
4.1. Adjunction Theory.
We will need the following classification of Fano manifolds with large index with respect to the dimension.
For n > 5, the list follows from [Wi´s91]. The classification for n = 4 can be found in [IP99, Table 12.7].
Theorem 38. Let X be an n-dimensional Fano manifold with Picard number ρ(X) > 1, n > 4. Let L be
an ample line bundle such that OX(−KX) ∼= L ⊗ιX .
• If ιX = n− 1, then n = 4 and (X,L ) ∼=
(
P2 × P2,OP2(1)⊠OP2(1)
)
.
• If ιX = n− 2, then n ∈ {4, 5, 6}.
(1) If n = 6, then (X,L ) ∼=
(
P3 × P3,OP3(1)⊠OP3(1)
)
.
(2) If n = 5, then one of the following holds.
(a) (X,L ) ∼=
(
P2 ×Q3,OP2(1)⊠OQ3(1)
)
.
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(b) (X,L ) ∼=
(
PP3
(
TP3
)
,OP(T
P3
)(1)
)
.
(c) (X,L ) ∼=
(
PP3
(
OP3(2)⊕OP3(1)
⊕2
)
,OP(O
P3
(2)⊕O
P3
(1)⊕2)(1)
)
.
(3) If n = 4, then X is isomorphic to one of the following.
(a) P1 × Y , where Y is a Fano 3-fold with index 2, or Y ∼= P3.
(b) A double cover of P2 × P2 whose branch locus is a divisor of bidegree (2, 2).
(c) A divisor of P2 × P3 of bidegree (1, 2).
(d) An intersection of two divisors of bidegree (1, 1) on P3 × P3.
(e) A divisor of P2 ×Q3 of bidegree (1, 1).
(f) The blow-up of Q4 along a conic C which is not contained in a plane in Q4.
(g) PP3(E ), where E is the null-correlation bundle on P
3.
(h) The blow-up of Q4 along a line ℓ.
(i) PQ3
(
OQ3(−1)⊕ OQ3
)
.
(j) PP3
(
OP3(−1)⊕ OP3(1)
)
.
39 (Nef values). Let X be Q-factorial terminal n-dimensional projective variety, and L an ample Q-divisor
on X . The nef value of L is defined as
τ(L) := min
{
t > 0
∣∣ KX + tL is nef }.
It is a rational number by the rationality theorem ([KM98, Theorem 3.5]). By the basepoint free theorem
([KM98, Theorem 3.7.3]), for m sufficiently large and divisible, the linear system
∣∣m(KX + τ(L)L)∣∣ defines
a morphism ϕL : X → X
′ with connected fibers onto a normal variety. We refer to ϕL as the nef value
morphism of the polarized variety (X,L).
The next theorem summarizes the classification of smooth polarized varieties (X,L) such that KX +(n−
3)L is not nef, i.e., τ(L) > n− 3.
Theorem 40. Let (X,L) be an n-dimensional smooth polarized variety, with ρ(X) > 1 and n > 4. Set L :=
OX(L). Suppose that τ(L) > n− 3. Then τ(L) ∈ {n− 2, n− 1, n}, unless
(
n, τ(L)
)
∈
{
(5, 52 ), (4,
3
2 ), (4,
4
3 )
}
.
(1) Suppose that τ(L) = n. Then ϕL makes X a P
n−1-bundle over a smooth curve C, and for a general
fiber F ∼= Pn−1 of ϕL, L|F ∼= OPn−1(1).
(2) Suppose that τ(L) = n− 1. Then (X,L ) satisfies one of the following conditions.
(a) (X,L ) ∼=
(
P2 × P2,OP2(1)⊠OP2(1)
)
.
(b) ϕL makes X a quadric bundle over a smooth curve C, and for a general fiber F ∼= Qn−1 of ϕL,
L|F
∼= OQn−1(1).
(c) ϕL makes X a P
n−2-bundle over a smooth surface S, and for a general fiber F ∼= Pn−2 of ϕL,
L|F
∼= OPn−2(1).
(d) ϕL is the blowup of a smooth projective variety at finitely many points, and for any component
E ∼= Pn−1 of the exceptional locus of ϕL, L|E ∼= OPn−1(1).
(3) Suppose that τ(L) = n− 2. Then (X,L ) satisfies one of the following conditions.
(a) −KX ∼ (n− 2)L, and (X,L ) is as in Theorem 38.
(b) ϕL makes X a generic del Pezzo fibration over a smooth curve C, and, for a general fiber F of
ϕL, either Pic(F ) = Z[L|F ], or (F,L|F ) ∼=
(
P2 × P2,OP2(1)⊠OP2(1)
)
.
(c) ϕL makes X a generic quadric bundle over a normal surface S, and, for a general fiber F ∼=
Qn−2 of ϕL, L|F ∼= OQn−2(1).
(d) ϕL makes X a generic P
n−3-bundle over a normal 3-fold Y , and, for a general fiber F ∼= Pn−3
of ϕL, L|F ∼= OPn−3(1).
(e) ϕL : X → X ′ is the composition of finitely many disjoint divisorial contractions. In particular,
X ′ is Q-factorial and terminal. (See Proposition 41 below.)
(4) Suppose that n = 5 and τ(L) = 52 . Then ϕL makes X a P
4-bundle over a smooth curve C and, for
a general fiber F ∼= P4 of ϕL, L|F ∼= OP4(2).
(5) Suppose that n = 4 and τ(L) = 32 . Then (X,L ) satisfies one of the following conditions.
(a) (X,L ) ∼=
(
P2 × P2,OP2(2)⊠OP2(2)
)
.
(b) ϕL makes X a generic quadric bundle over a smooth curve C, and for a general fiber F ∼= Q3
of ϕL, L|F ∼= OQ3(2).
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(c) ϕL makes X a generic P
2-bundle over a normal surface S, and for a general fiber F ∼= P2 of
ϕL, L|F ∼= OP2(2).
(6) Suppose that n = 4 and τ(L) = 43 . Then ϕL makes X a P
3-bundle over a smooth curve C, and for
a general fiber F ∼= P3 of ϕL, L|F ∼= OP3(3).
Proof. The main references for the proof of Theorem 40 are [BS95, Chapter 7] and [AW01].
By [BS95, Proposition 7.2.2, Theorems 7.2.3 and 7.2.4], either τ(L) = n and (X,L) is as in (1) above, or
τ(L) 6 n− 1.
Suppose that τ(L) 6 n− 1. By [BS95, Theorems 7.3.2 and 7.3.4], one of the following holds.
(2a) −KX ∼ (n− 1)L, and hence (X,L ) ∼=
(
P2 × P2,OP2(1)⊠OP2(1)
)
by Theorem 38.
(2b) ϕL makes X a generic quadric bundle over a smooth curve C, and for a general fiber F ∼= Qn−1 of
ϕL, L|F ∼= OQn−1(1).
(2c) ϕL makes X a generic P
n−2-bundle over a normal surface S, and for a general fiber F ∼= Pn−2 of
ϕL, L|F ∼= OPn−2(1).
(2d) ϕL is the blowup of a smooth projective variety at finitely many points, and for any component
E ∼= Pn−1 of the exceptional locus of ϕL, L|E ∼= OPn−1(1).
(e) τ(L) 6 n− 2.
In case (2b), it follows from [AW01, Theorem 5.1] that X is in fact a quadric bundle over C. In case (2c),
it follows from [AW01, Theorem 5.1] that S is smooth and X is in fact a Pn−2-bundle over S.
If τ(L) = n− 2, the classification under (3) follows from [BS95, Theorem 7.5.3].
If τ(L) < n− 2, then, by [BS95, Theorems 7.7.2, 7.7.3, 7.7.5 and 7.7.8]
(
n, τ(L)
)
∈
{
(5, 52 ), (4,
3
2 ), (4,
4
3 )
}
and (X,L) is as in (4–6) above. 
We will also need the following result.
Proposition 41 ([BS95, Theorems 7.5.3, 7.5.6, 7.7.2, 7.7.3, 7.7.5 and 7.7.8]). Let (X,L) be an n-dimensional
smooth polarized variety, n > 4. Suppose that τ(L) = n − 2, and the nef value morphism ϕL : X → X
′ is
birational. Then ϕL is the composition of finitely many disjoint divisorial contractions ϕi : X → Xi, with
exceptional divisor Ei, of the following types:
• ϕi : X → Xi is the blowup of a smooth curve Ci ⊂ Xi. In this case Xi is smooth and the restriction
of L to a fiber F ∼= Pn−2 of (ϕi)|Ei : Ei → Ci satisfies L|F
∼= OPn−2(1).
•
(
Ei,NEi/X ,L|Ei
)
∼=
(
Pn−1,OPn−1(−2),OPn−1(1)
)
. In this case Xi is 2-factorial. In even dimension
it is Gorenstein.
•
(
Ei,NEi/X ,L|Ei
)
∼=
(
Qn−1,OQn−1(−1),OQn−1(1)
)
. In this case Xi is singular and factorial.
Set L′ := (ϕL)∗(L). Then KX′ + (n− 3)L′ is nef except in the following cases.
(1) n = 6 and
(
X ′,OX′(L
′)
)
∼=
(
P6,OP6(2)
)
.
(2) n = 5 and one of the following holds.
(a)
(
X ′,OX′(L
′)
)
∼=
(
Q5,OQ5(2)
)
.
(b) X ′ is a P4-bundle over a smooth curve, and the restriction of OX′(L
′) to a general fiber is
OP4(2).
(c)
(
X,OX(L)
)
∼=
(
PP4
(
OP4(3)⊕ OP4(1)
)
,OP(1)
)
.
(3) n = 4 and one of the following holds.
(a)
(
X ′,OX′(L
′)
)
∼=
(
P4,OP4(3)
)
.
(b) X ′ is a Gorenstein del Pezzo 4-fold and 3L′ ∼Q −2KX′.
(c) ϕL′ makes X
′ a generic quadric bundle over a smooth curve C, and for a general fiber F ∼= Q3
of ϕL′ , OF
(
L′|F
)
∼= OQ3 (2).
(d) ϕL′ makes X
′ a generic P2-bundle over a normal surface S, and for a general fiber F ∼= P2 of
ϕL′ , OF
(
L′|F
)
∼= OP2(2).
(e)
(
X ′,OX′(L
′)
)
∼=
(
Q4,OQ4(3)
)
.
(f) ϕL : X → X ′ factors through X˜, the blowup of P4 along a cubic surface contained in a hyperplane
E ⊂ P4. Denote by E˜ ⊂ X˜ the strict transform of E, and by L˜ the push-forward of L to X˜.
Then NE˜/X˜
∼= OP3(−2), OE˜
(
L˜|E˜
)
∼= OP3(1), and only E˜ is contracted by X˜ → X
′.
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(g) ϕL : X → X ′ factors through X˜, a conic bundle over P3. Denote by L˜ the push-forward of L
to X˜. The morphism X˜ → X ′ only contracts a subvariety E˜ ∼= P3 such that NE˜/X˜
∼= OP3(−2)
and OE˜
(
L˜|E˜
)
∼= OP3(1).
(h) ϕL′ makes X
′ a P3-bundle over a smooth curve C, and for a general fiber F ∼= P3 of ϕL′ ,
OF
(
L′|F
)
∼= OP3(3).
(i)
(
X ′,OX′(L
′)
)
∼=
(
P4,OP4(4)
)
.
(j) X ′ ⊂ P10 is a cone over
(
P3,OP3(2)
)
and L′ ∼Q 2H, where H denotes a hyperplane section in
P10.
Remark 42. In [BS95, Theorems 7.5.3], the description of the first type of divisorial contraction is as
follows: Xi is smooth, and ϕi : X → Xi contracts a smooth divisor Ei ⊂ X onto a smooth curve Ci ⊂ Xi.
By [Luo93, Theorem 2], ϕi is a smooth blowup.
4.2. Codimension 1 Mukai foliations on projective space bundles over curves.
In this subsection, we work under Assumptions 37, supposing moreover that τ(L) = n, and thus ϕL makes
X a Pn−1-bundle over a smooth curve C. We start with the following observation, which is a special case of
Proposition 22.
Proposition 43. Let F be a codimension 1 Fano foliation on a smooth projective variety X. Then F is
not the relative tangent sheaf of any surjective morphism π : X → C onto a smooth curve.
As a consequence of Proposition 43, H := TX/C ∩F is a codimension 2 foliation on X . The restriction
of H to the general fiber F ∼= Pn−1 of ϕL inherits positivity of F , which allows us to describe it explicitly.
In order to do so, we recall the description of families of degree 0 foliations on projective spaces from [AD13,
7.8].
44 (Families of degree 0 foliations on Pm). Let Y be a positive dimensional smooth projective variety, and
E a locally free sheaf of rank m + 1 > 2 on Y . Set X := PY (E ), denote by OX(1) the tautological line
bundle on X , by π : X → Y the natural projection, and by F ∼= Pm a general fiber of π. Let H ( TX/Y be
a foliation of rank r 6 m− 1 on X , and suppose that H |F ∼= OPm(1)
⊕r ⊂ TPm .
Let V ∗ be the saturation of π∗
(
H ⊗ OX(−1)
)
in E ∗ ∼= π∗
(
TX/Y ⊗ OX(−1)
)
, and set V := (V ∗)∗. Then
H ∼= (π∗V ∗)⊗ OX(1). In particular, det(H ) ∼= π∗ det(V ∗)⊗ OX(r).
The description of H |F as the relative tangent sheaf of a linear projection Pm 99K Pm−r globalizes as
follows. Let K be the (rank m+ 1 − r) kernel of the dual map E → V . Then there exists an open subset
Y ◦ ⊂ Y , with codimY (Y \ Y ◦) > 2, over which we have an exact sequence of vector bundles
0 → K |Y ◦ → E |Y ◦ → V |Y ◦ → 0.
This induces a relative linear projection ϕ : PY ◦(E |Y ◦) 99K PY ◦(K |Y ◦) =: Z, which restricts to a smooth
morphism ϕ◦ : X◦ → Z, where X◦ ⊂ X is an open subset with codimX(X \X◦) > 2. The restriction of H
to X◦ is precisely TX◦/Z .
Proposition 45. Let X, F , L and L be as in Assumptions 37. Suppose that τ(L) = n, and thus ϕL makes
X a Pn−1-bundle over a smooth curve C. Set E := (ϕL)∗L , so that X ∼= PC(E ). Then one of the following
holds.
(1) C ∼= P1, F is algebraically integrable, and its restriction to a general fiber is induced by a pencil of
hyperquadrics in Pn−1 containing a double hyperplane.
(2) There exist
• an exact sequence 0 → K → E → V → 0 of vector bundles on C, with rank(K ) = 3;
• a rank 2 foliation G on PC(K ), generically transverse to the natural projection p : PC(K )→ C,
satisfying det(G ) ∼= p∗
(
det(V )
)
and ra
G
> 1;
such that F is the pullback of G via the induced relative linear projection PC(E ) 99K PC(K ). In
this case, ra
F
> rF − 1.
(3) There exist
• an exact sequence 0 → K → E → V → 0 of vector bundles on C, with rank(K ) = 2;
• a foliation by curves G on PC(K ), generically transverse to the natural projection p : PC(K )→
C, and satisfying G ∼= p∗
(
det(V )
)
⊗ OP(K )(−1);
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such that F is the pullback of G via the induced relative linear projection PC(E ) 99K PC(K ). In
this case, ra
F
> rF − 1.
Proof. By Proposition 43, F 6= TX/C . So H := F ∩ TX/C is a codimension 2 foliation on X . Set
Q := (F/H )∗∗. It is an invertible subsheaf of (ϕL)
∗TC , and we have
(4.1) det(H ) ∼= det(F ) ⊗Q∗.
We want to describe the codimension 1 foliation HF obtained by restricting H to a general fiber F ∼= Pn−1
of ϕL. By 13, there exists a non-negative integer b such that
−KHF = (n− 3 + b)H,
where H denotes a hyperplane in F ∼= Pn−1. By Theorem 3, we must have b ∈ {0, 1}.
First we suppose that b = 0, i.e., HF is a degree 1 foliation on P
n−1.
Then Q|F ∼= OPn−1 , and thus Q ∼= (ϕL)
∗C for some line bundle C ⊂ TC on C. Recall that there are two
types codimension 1 degree 1 foliations on Pn−1:
(i) either HF is induced by pencil of hyperquadrics containing a double hyperplane, or
(ii) HF is the linear pullback of a foliation on P
2 induced by a global holomorphic vector field.
Suppose that we are in case (i). Then H is algebraically integrable, and its general log leaf is (Qn−2, H),
where Qn−2 ⊂ F ∼= Pn−1 is an irreducible (possibly singular) hyperquadric, and H is a hyperplane section.
Note that (Qn−2, H) is log canonical, unless Qn−2 is a cone over a conic curve and H is a tangent hyperplane
through the (n− 4)-dimensional vertex. The latter situation falls under case (ii), treated below. So we may
assume that the general log leaf of H is log canonical. By Proposition 22, det(H ) cannot be ample. By
(4.1), we must have deg(C ) > 0, and hence C ∼= P1.
Next we show that F is algebraically integrable. It then follows that we are in case (1) in the statement
of Proposition 45. Since H is algebraically integrable, there is a smooth surface S with a generic P1-bundle
structure p : S → P1, and a rational map ψ : X 99K S over P1 inducing H . By 11, F is the pullback via ψ
of a rank 1 foliation G on S. Moreover, there is an inclusion p∗C ⊂ G . It follows from Theorem 16 that the
leaves of G are algebraic, and so are the leaves of F .
Suppose that we are in case (ii). Then there exists a codimension 3 foliation W ⊂ H whose restriction
to F ∼= Pn−1 is a degree 0 foliation on Pn−1. By 44, there exists an exact sequence of vector bundles on C
0 → K → E → V → 0
with rank(K ) = 3, such that W ∼=
(
(ϕL)
∗V ∗
)
⊗ L is the tangent sheaf to the relative linear projection
ϕ : X ∼= PC(E ) 99K PC(K ). Denote by p : PC(K ) → C the natural projection. By (2.2), there is a
codimension 1 foliation G on PC(K ) such that F is the pullback of G via ϕ, and det(G ) ∼= p∗
(
det(V )
)
.
Note that det(V ) is an ample line bundle on C. Thus, applying Theorem 16 to a suitable destabilizing
subsheaf of G , we conclude that ra
G
> 1. We are in case (2) in the statement of Proposition 45.
From now on we assume that b = 1, i.e., HF is a degree 0 foliation on P
n−1. By 44, there exists an exact
sequence of vector bundles on C
0 → K → E → V → 0
with rank(K ) = 2, such that H ∼=
(
(ϕL)
∗V ∗
)
⊗ L is the tangent sheaf to the relative linear projection
ϕ : X ∼= PC(E ) 99K PC(K ). Denote by p : PC(K )→ C the natural projection. By (2.2), there is a foliation
by curves on PC(K )
G ∼= p∗
(
det(V )
)
⊗ OP(K )(−1) →֒ TP(K )
such that F is the pullback of G via ϕ. We are in case (3) in the statement of Proposition 45. 
Next we describe the codimension 1 foliations on PC(K ) that appear in Proposition 45(2).
Proposition 46. Let K be a rank 3 vector bundle on a smooth complete curve C, and set Y := PC(K ),
with natural projection p : Y → C. Let G be a rank 2 foliation on Y , generically transverse to p : Y → C,
and satisfying det(G ) ∼= p∗A for some ample line bundle A on C. Then one of the following holds.
(1) There exist
• an exact sequence 0 → K1 → K → B → 0 of vector bundles on C, with rank(K1) = 2;
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• a rank 1 foliation N on PC(K1), generically transverse to the natural projection p1 : PC(K1)→
C, and satisfying N ∼= p∗1(B) ⊗ OP(K1)(−1);
such that G is the pullback of N via the induced relative linear projection Y = PC(K ) 99K PC(K1).
(2) There exist
• a P1-bundle q : S → C;
• a rational map ψ : Y 99K S over C whose restriction to a general fiber F ∼= P2 of p is given by
a pencil of conics containing a double line;
• a rank 1 foliation N on S, generically transverse to q : S → C, and satisfying N ∼= q∗
(
TC(−B)
)
for some effective divisor B on C;
such that G is the pullback of N via ψ. Moreover, the set of critical values of ψ is invariant by N .
(3) C ∼= P1, and there exist
• a rational map ψ : Y 99K P2, which restricts to an isomorphism on all but possibly one fiber of
p : Y → C;
• a rank 1 foliation N on P2 induced by a global vector field;
such that G is the pullback of N via ψ.
Proof. Consider the rank 1 foliation C := G ∩TY/C ( TPC(K ). It induces a rank 1 foliation CF on a general
fiber F ∼= P2 of p. By 13, there exists a non-negative integer b such that
−KCF = bH,
where H denotes a hyperplane in F ∼= P2. By Thereom 3, we must have b ∈ {0, 1}.
First we suppose that b = 1, i.e., CF is a degree 0 foliation on P
2. The same argument used in the
last paragraph of the proof of Proposition 45 shows that (K ,G ) satisfies condition (1) in the statement of
Proposition 46.
From now on we assume that b = 0, i.e., CF is a degree 1 foliation on P
2. It follows that C|F ∼= OP2 and
there exists an effective divisor B on C such that C ∼= p∗
(
A ⊗OC(KC +B)
)
. We will distinguish two cases,
depending on whether or not C is algebraically integrable.
Suppose first that C is algebraically integrable. Then CF is induced by a pencil of conics containing a
double line. We will show that G satisfies condition (2) in the statement of Proposition 46.
Let S be the space of leaves of C . Then S comes with a natural morphism onto C, whose general fiber
parametrizes a pencil of conics in F ∼= P2. We conclude that S → C is a P1-bundle.
So C is induced by a rational map ψ : Y 99K S over C, and the restriction of ψ to a general fiber F ∼= P2
of p, ψ|F : F ∼= P
2 → P1, is given by a pencil of conics containing a double line 2ℓF . Let R ⊂ Y be the
closure of the union of the lines ℓF when F runs through general fibers of p : Y → C. Then p|R : R → C is
a P1-bundle.
Next we show that R is the singular locus of ψ. Let F ′ ∼= P2 be a special fiber of p such that C|F ′ →֒ TF ′
vanishes in codimension one. Then the foliation CF ′ on F
′ induced by C is a degree 0 foliation on P2, and
the cycle in S corresponding to the leaf ℓ of CF ′ is R∩F
′+ ℓ. We conclude that R is the singular locus of ψ.
By 11, there is a foliation by curves N on S such that G is the pullback of N via ψ. If ψ(R) is not
invariant by N , then ψ∗N ∼= OPC(K )(R)⊗p
∗OC(−KC−B) = OPC(K )(R)⊗ψ
∗
(
q∗OC(−KC−B)
)
by (2.1).
Thus OPC(K )(R)
∼= ψ∗
(
N ⊗ q∗OC(−KC−B)
)
, yielding a contradiction. Therefore ψ(R) is invariant by N .
Moreover, ψ∗N ∼= p∗OC(−KC −B).
Suppose from now on that C is not algebraically integrable, and hence neither is G . We will show that G
satisfies condition (3) in the statement of Proposition 46.
Let L be a very ample line bundle on Y . By [AD13, Proposition 7.5], there exists an algebraically
integrable subfoliation by curves M ⊂ G , M 6⊂ TY/C , such that M ·L
2 > det(G ) ·L 2 > 1. Moreover the
general leaf of M is a rational curve. Since M 6⊂ TY/C , the general leaf of M dominates C, and we conclude
that C ∼= P1.
Next we show that M ∼= p∗OP1(c), with c ∈ {1, 2}. Write M ∼= OPC(K )(a) ⊗ p
∗OP1(c) for some integers
a and c. First note that, for a general line ℓ ⊂ F , C|ℓ ⊂ G|ℓ is a subbundle. Since C|ℓ ∼= det(G )|ℓ ∼= Oℓ, we
must have Gℓ ∼= Oℓ ⊕Oℓ. This implies that a 6 0. Now observe that, since G is not algebraically integrable,
M does not depend on the choice of L . Therefore M · (OY (kF ) ⊗ L )2 > det(G ) · (OY (kF ) ⊗ L )2 > 0
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for all k > 1. Thus M · F ·L > 0, and hence a > 0. We conclude that a = 0 and M ∼= p∗OP1(c). Since
M ·L 2 > 1, we have c > 1. Since M ⊂ p∗TP1 , we conclude that c ∈ {1, 2}.
If c = 2, then M yields a flat connection on p. Hence, K ∼= OP1(d) ⊕ OP1(d) ⊕ OP1(d) for some integer
d, and M is induced by the projection ψ : Y ∼= P1 × P2 → P2.
Now suppose that c = 1. We may assume that K is of the form K ∼= OP1 ⊕ OP1(−a1) ⊕ OP1(−a2) for
integers a2 > a1 > 0. Let C˜ ⊂ Y be the closure of a general leaf of M . We will show that C˜ is a section
of p. Suppose to the contrary that C˜ has degree > 2 over P1. By [Dru04, Lemme 1.2 and Corollaire 1.3], C˜
has degree 2 over P1, and M is regular in a neighbourhood of C˜. In particular, we have NC˜/Y
∼= OC˜ ⊕OC˜ .
Write C˜ ∼ 2σ + kf , where σ is the section of p corresponding to the surjection K ։ OP1(−a2), and f is a
line on a fiber of p. Let E ⊂ Y be the divisor corresponding to the surjection K ։ OP1(−a1)⊕ OP1(−a2),
so that OY (E) ∼= OPC(K )(1). Since the deformations of C˜ sweep out a dense open subset of Y , we must
have
(4.2) E · C˜ = −2a2 + k > 0.
On the other hand, since NC˜/Y
∼= OC˜ ⊕ OC˜ , we have
(4.3) 0 = deg(NC˜/Y ) = deg
(
(TY )|C˜
)
− 2 = 2 + 2a1 − 4a2 + 3k.
Equations (4.2) and (4.3) together yield a contradiction, proving that C˜ is a section of p. The map M ∼=
p∗OP1(1)→ p
∗TP1 vanishes exactly along one fiber F0 of p. This implies that M ⊂ TY restricts to a regular
foliation (with algebraic leaves) over Y \F0. This foliation is induced by a smooth morphism ψ : Y \F0 → P2,
which restricts to an isomorphism on all fibers F 6= F0 of p : Y → P1.
In either case, by (11), G is the pullback via ψ of a rank 1 foliation N on P2. A straightforward
computation shows that N ∼= OP2 . This completes the proof of the proposition. 
We construct examples of foliations described in Proposition 46(2).
Example 47. Let C be a smooth complete curve, A an ample line bundle on C, and P ∈ C. Set L :=
A ⊗ OC(KC + P ), K := L ⊗2 ⊕L ⊕ OC , and W := L ⊗4 ⊕L ⊗2. Suppose that deg(L ) 6= 0.
Let s be a local frame for L . It induces local frames (k1, k2, k3) and (w1, w2) for K and W , respectively.
We view W as a subbundle of Sym2K by mapping w1 to k1 ⊗ k1, and w2 to k2 ⊗ k2 − k1 ⊗ k3. This gives
rise to a rational map ψ : PC(K ) 99K PC(W ) such that ψ
∗OPC(W )(1)
∼= OPC(K )(2). Note that the set σ of
critical values of ψ is the section of q corresponding to W = L⊗4 ⊕L⊗2 ։ L ⊗2.
Denote by q : PC(W ) → C the natural morphism. By [AD13, Lemma 9.5], the inclusion N :=
q∗
(
TC(−P )
)
→֒ p∗TC lifts to an inclusion ι : N →֒ TPC(W ). We claim that the cokernel of ι is torsion-
free, and thus it defines a foliation on PC(W ). Indeed, if TPC(W )/N is not torsion-free, then we get an
inclusion N ⊂ TPC(W ) ⊗ q
∗OC(−P ) (see [AD13, Lemma 9.7]). Thus p∗TC ∼= N ⊗ q∗OC(P ) ⊂ TPC(W ), and
the natural exact sequence
0 → TPC(W )/C → TPC(W ) → p
∗TC → 0
splits. This implies that K admits a flat projective connection, which is absurd. This proves the claim. An
easy compuation shows that deg(ωσ ⊗N|σ) = − deg(A )− deg(L ) < 0, and thus σ is invariant under N .
Now set G := ψ−1(N ). Then G is a rank 2 foliation on PC(K ), generically transverse to the natural
projection p : PC(K )→ C, and satisfies det(G ) ∼= p∗A .
Next we construct examples of foliations described in Proposition 45(3).
Example 48. Let C be a smooth complete curve and V an ample vector bundle of rank n− 2 on C. Let
K0 be a vector bundle of rank 2 on C, and suppose that K0 does not admit a flat projective connection.
Choose a sufficiently ample line bundle A on C such that the following conditions hold:
(1) K := K0 ⊗A is an ample vector bundle;
(2) there is a nowhere vanishing section α ∈ H0
(
C, TC ⊗ det(V ∗)⊗K0 ⊗A
)
; and
(3) h1
(
C, det(V ∗)⊗ Sym3(K0)⊗ det(K ∗0 )⊗A
)
= 0.
Set S := PC(K ), denote by p : S → C the natural projection, and by OS(1) the tautological line bundle.
The section α from condition (2) yields an inclusion
G := p∗
(
det(V )
)
⊗ OS(−1) →֒ p
∗TC ,
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which does not vanish identically on any fiber of p. Notice that G ⊗OS(B) ∼= p∗TC for some section B of p.
By Lemma 49 below, condition (3) implies that the inclusion G →֒ p∗TC can be lifted to an inclusion
ι : G →֒ TS .
We claim that the cokernel of ι is torsion-free, and thus it defines a foliation on S. Indeed, if TS/G is not
torsion-free, then we get an inclusion G ⊂ TS(−B) (see [AD13, Lemma 9.7]). Thus p∗TC ∼= G ⊗OS(B) ⊂ TS ,
and the natural exact sequence
0 → TS/C → TS → p
∗TC → 0
splits. This implies that K admits a flat projective connection, contradicting our assumption. This proves
the claim.
Now set E := V ⊕ K , X := PC(E ), denote by π : X → C the natural projection, and by OX(1) the
tautological line bundle. Condition (1) above implies that OX(1) is an ample line bundle on X . The natural
quotient E → V defines a relative linear projection ϕ : X 99K S. Let F be the codimension 1 foliation on
X obtained as pullback of G via ϕ. Recall that TX/S ∼= π
∗ det(V ∗)⊗ OX(1), and thus, by (2.2),
det(F ) ∼= OX(n− 3),
i.e., F is a codimension 1 Mukai foliation on X .
Lemma 49. Let K be a vector bundle of rank 2 on a smooth projective curve C, p : S = P(K ) → C the
corresponding ruled surface, and OS(1) the tautological line bundle. Let B be a line bundle on C such that
there is an inclusion j : p∗B ⊗ OS(−1) →֒ p∗TC. If h1
(
C,B ⊗ Sym3(K ) ⊗ det(K ∗)
)
= 0, then j can be
lifted to an inclusion p∗B ⊗ OS(−1) →֒ TS.
Proof. Let e be the class in H1(S, TS/C ⊗ p
∗ωC) corresponding to the exact sequence
0 → TS/C → TS → p
∗TC → 0 .
An inclusion of line bundles j : G →֒ p∗TC extends to an inclusion G →֒ TS if and only if the induced section
j∗e ∈ H1(S, TS/C ⊗ G
−1) vanishes identically.
Setting G := p∗B ⊗ OS(−1), we get
H1(S, TS/C ⊗ G
−1) = H1
(
C, p∗
(
TS/C ⊗ OS(1)
)
⊗B
)
.
Since TS/C ∼= p
∗
(
det(K ∗))⊗ OS(2), this gives
H1(S, TS/C ⊗ G
−1) = H1
(
C, p∗OS(3)⊗ det(K
∗)⊗B
)
= H1
(
C, Sym3(K )⊗ det(K ∗)⊗B
)
.
The latter vanishes by assumption, and thus j : p∗B ⊗ OS(−1) →֒ p∗TC extends to an inclusion p∗B ⊗
OS(−1) →֒ TS . 
4.3. Codimension 1 Mukai foliations on quadric bundles over curves.
In this subsection, we work under Assumptions 37, supposing moreover that τ(L) = n− 1 and ϕL makes
X a quadric bundle over a smooth curve C. This is case (2b) of Theorem 40.
We start with two useful observations.
Remark 50. Let ϕ : X → C be a quadric bundle over a smooth curve, with X smooth. An easy computation
shows that the (finitely many) singular fibers of π have only isolated singularities.
Lemma 51. Let T be a complex variety, and ϕ : X → T a flat projective morphism whose fibers are all
irreducible and reduced. Let Q be a line bundle on X such that Q|F ∼= OF for a general fiber F of ϕ. Then
there exists a line bundle M on T such that Q ∼= ϕ∗M .
Proof. Let t ∈ T be any point, and denote by Xt the corresponding fiber of ϕ. By the semicontinuity
theorem, h0(Xt,Q|Xt) > 1, and h
0(Xt,Q
∗
|Xt
) > 1. It follows that Q|Xt
∼= OXt , since Xt is irreducible
and reduced. By [Har77, Corollary III.12.9], M := ϕ∗Q is a line bundle on T , and the evaluation map
ϕ∗M = ϕ∗ϕ∗Q → Q is an isomorphism. 
Proposition 52. Let X, F and L be as in Assumptions 37. Suppose that τ(L) = n− 1, and ϕL makes X
a quadric bundle over a smooth curve C. Then C ∼= P1, and there exist
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• an exact sequence of vector bundles on P1
0 → K → E → V → 0,
with rank(E ) = n+1, rank(K ) = 2, and natural projections π : PP1(E )→ P
1 and q : PP1(K )→ P
1;
• an integer b and a foliation by rational curves G ∼= q∗
(
det(V )⊗ OP1(b)
)
on PP1(K );
such that X ∈
∣∣OP
P1
(E )(2) ⊗ π
∗O(b)
∣∣, and F is the pullback of G via the restriction to X of the relative
linear projection PP1(E ) 99K PP1(K ). Moreover, one of the following holds.
(1) (E ,K ) ∼= (OP1(a)
⊕2 ⊕ O⊕3
P1
,OP1(a)
⊕2) for some integer a > 1, and b = 2.
(2) (E ,K ) ∼= (OP1(a)
⊕2 ⊕ O⊕2
P1
⊕ OP1(1),OP1(a)
⊕2) for some integer a > 1, and b = 1.
(3) (E ,K ) ∼= (OP1(a)
⊕2 ⊕ OP1 ⊕ OP1(1)
⊕2,OP1(a)
⊕2) for some integer a > 1, and b = 0.
(4) K ∼= OP1(a)
⊕2 for some integer a, and E is an ample vector bundle of rank 5 or 6 with deg(E ) =
2 + 2a− b.
(5) K ∼= OP1(a)⊕ OP1(c) for distinct integers a and c, and E is an ample vector bundle of rank 5 or 6
with deg(E ) = 1 + a+ c− b.
In particular, n ∈ {4, 5} and F is algebraically integrable.
Conversely, given K , E and b satisfying any of the conditions (1-5), and a smooth member X ∈∣∣OP
P1
(E )(2)⊗ π
∗OP1(b)
∣∣, there exists a codimension one Mukai foliation on X as described above.
Proof. Denote by F ∼= Qn−1 ⊂ Pn a general (smooth) fiber of ϕL, and recall from Theorem 40(2b) that
L|F
∼= OQn−1(1). Set E := (ϕL)∗L , and denote by π : PC(E ) → C the natural projection. Then X is a
divisor of relative degree 2 on PC(E ), i.e., X ∈
∣∣OPC(E )(2)⊗ π∗B∣∣ for some line bundle B on C.
By Proposition 43, F 6= TX/C . So H := F∩TX/C is a codimension 2 foliation onX . Set Q := (F/H )
∗∗.
It is an invertible subsheaf of (ϕL)
∗TC , and det(H ) ∼= det(F ) ⊗Q∗. Denote by HF the codimension 1
foliation on F ∼= Qn−1 obtained by restriction of H . By 13, there exists a non-negative integer d such that
−KHF = (n − 3 + d)H , where H denotes a hyperplane section of Q
n−1 ⊂ Pn. By Thereom 3, we must
have d = 0. Hence,
• HF is induced by a pencil of hyperplane sections on Qn−1 ⊂ Pn by Theorem 4. In paticular the
general log leaf of H is log canonical.
• det(H )|F ∼= det(F )|F , and thus Q ∼= (ϕL)
∗M for some line bundle M ⊂ TC by Lemma 51.
By Proposition 22, det(H ) is not ample. Since det(H ) ∼= det(F ) ⊗ (ϕL)∗(M ∗) and det(F ) is ample,
the line bundle M has positive degree. Hence C ∼= P1, B ∼= OP1(b) for some b ∈ Z, and deg(M ) ∈ {1, 2}.
The linear span of Sing(HF ) in P
n is the base locus of the pencil of hyperplanes in Pn inducing HF on
F ∼= Qn−1 ⊂ Pn. So H is the restriction to X of a foliation H˜ on PP1(E ) whose restriction to a general
fiber of π is a degree zero foliation on Pn. By (44), there is a sequence of vector bundles on P1,
(4.4) 0 → K → E → V → 0,
with rank(K ) = 2 and natural projection q : PP1(K ) → P
1, such that H˜ is induced by the relative linear
projection ψ˜ : PP1(E ) 99K PP1(K ). So H is induced by the restriction ψ = ψ˜|X : X 99K PP1(K ). By
Remark 50, there is an open subset X◦ ⊂ X with codimX(X \X◦) > 2 such that ψ◦ = ψ|X◦ : X
◦ → PP1(K )
is a smooth morphism with connected fibers. In particular, H ∼= TX/P(K ), where TX/P(K ) denotes the
saturation of TX◦/P(K ) in TX . By 11, F is the pullback via ψ of a rank 1 foliation G on PP1(K ). By (2.2),
G ∼= q∗M and
L
⊗n−3 ∼= det(F ) ∼= det(TX/P(K ))⊗ (ϕL)
∗
M .
Since deg(M ) > 0, the leaves of G are rational curves by Theorem 16. A straightforward computation gives
M ∼= det(V )⊗ OP1(b), and so
(4.5) deg(M ) = deg(V ) + b ∈ {1, 2}.
If deg(M ) = 2, i.e., if M ∼= TC , then q∗M ⊂ TP
P1
(K ) yields a flat connection on q : PP1(K )→ P
1. Hence,
PP1(K ) ∼= P
1 × P1, and G is induced by the projection to P1 transversal to q. In this case, K ∼= OP1(a)
⊕2
for some integer a. If deg(M ) = 1, then K ∼= OP1(a) ⊕ OP1(c) for distinct integers a and c. This can be
seen from the explicit description of the Atiyah classes in the proof of [AD13, Theorem 9.6].
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By [Cam04, Theorem 4.13], the vector bundle (ϕL)∗OX(KX/P1 +mL) ∼= S
m−n+1E ⊗ det(E ) ⊗ OP1(b) is
nef for all m > n− 1. Therefore E is a nef vector bundle on P1, and we write E ∼= OP1(a1)⊕· · ·⊕OP1(an+1),
with 0 6 a1 6 · · · 6 an+1.
First suppose that E is not ample. Let r ∈ {1, . . . , n + 1} be the largest positive integer such that
a1 = · · · = ar = 0. Let ̟ : PP1(E ) → P
(
H0
(
PP1(E ),OP
P1
(E )(1)
)∗)
be the morphism induced by the
complete linear system
∣∣OP
P1
(E )(1)
∣∣. If r = n + 1, then PP1(E ) ∼= P1 × Pn, and ̟ is induced by the
projection morphism P1 × Pn → Pn. If r 6 n, then ̟ is a birational morphism, and its restriction to
the exceptional locus Exc(̟) = PP1
(
OP1(a1) ⊕ · · · ⊕ OP1(ar)
)
∼= P1 × Pr−1 corresponds to the projection
P1 × Pr−1 → Pr−1. Thus, if Z ⊂ PP1(E ) is any closed subset, then OP
P1
(E )(1)|Z is ample if and only if Z
does not contain any fiber of Exc(̟) ∼= P1 × Pr−1 → Pr−1. Since OP
P1
(E )(1)|X
∼= L is ample, X does not
contain any fiber of Exc(̟) ∼= P1× Pr−1 → Pr−1. Since
(
OP
P1
(E )(2)⊗ π
∗OP1(b)
)
|Exc(̟)
∼= OP1(b)⊠OPr−1(2)
and X ∈
∣∣OP
P1
(E )(2)⊗ π
∗OP1(b)
∣∣, we must have b > 0 and
(4.6) h0
(
P1,OP1(b)
)
= b+ 1 > r.
If deg(V ) = 0, then V ∼= O
⊕(n−1)
P1
and the exact sequence (4.4) splits. This implies that r > n− 1. On
the other hand, by (4.5) and (4.6), r 6 b + 1 6 3. Thus n = 4, r = 3, b = 2, and deg(M ) = 2. This is case
(1) described in the statement of Proposition 52.
If deg(V ) > 1, then b ∈ {0, 1} by (4.5).
Suppose that b = 1. Then deg(V ) = 1 by (4.5). Thus V ∼= O
⊕(n−2)
P1
⊕ OP1(1), and the exact sequence
(4.4) splits. By (4.6), we have n− 2 6 2. This implies n = 4, and deg(M ) = 2. This is case (2) described
in the statement of Proposition 52.
Suppose that b = 0. Then we must have r = 1 by (4.6). By (4.5), we have deg(V ) 6 2. On the other
hand, deg(V ) > a1 + · · · + an−1 > n− 2. Thus n = 4, V ∼= OP1 ⊕ OP1(1)
2, the exact sequence (4.4) splits,
and deg(M ) = 2. This is case (3) described in the statement of Proposition 52.
Suppose from now on that E is an ample vector bundle on P1. Since deg(V ) > a1 + · · ·+ an−1, we have
b 6 2− (a1 + · · ·+ an−1) by (4.5).
We claim that n ∈ {4, 5}. Suppose to the contrary that n > 6. Then h0
(
P1,OP1(ai+ aj + b)
)
= 0 if either
1 6 i, j 6 n − 2, or 1 6 i 6 n − 2 and j = n − 1. This implies that in suitable homogeneous coordinates
(x1 : · · · : xn+1), F ∼= Qn−1 ⊂ Pn is given by equation
cn−1x
2
n−1 + xnln(x1, . . . , xn+1) + xn+1ln+1(x1, . . . , xn+1) = 0,
where cn−1 ∈ C, and ln and ln+1 are linear forms. This contradicts the fact that F is smooth, and proves
the claim. So we are in one of cases (4) and (5) of Proposition 52, depending on whether deg(M ) is 2 or 1,
respectively.
Now we proceed to prove the converse statement. Let K , E and b satisfy one of the conditions (1-5)
in the statement of Proposition 52, and X ∈
∣∣OP
P1
(E )(2) ⊗ π
∗OP1(b)
∣∣ a smooth member. Then, one easily
checks that OP
P1
(E )(1)|X is an ample line bundle on X . We shall construct a codimension 1 Mukai foliation
F on X such that OX(−KF ) ∼= OP
P1
(E )(1)|X . First, let V be a vector bundle of rank n − 1 on P
1 fitting
into an exact sequence of vector bundles
0 → K → E → V → 0,
and consider the induced rational map ψ˜ : PP1(E ) 99K PP1(K ). Let ψ := ψ|X : X 99K PP1(K ) be the
restriction of ψ˜ to X , and let q : PP1(K )→ P
1 be the natural projection. By Remark 50, there is an open
subset X◦ ⊂ X with codimX(X \X◦) > 2 such that ψ◦ = ψ|X◦ : X
◦ → PP1(K ) is a smooth morphism with
connected fibers. Set M := det(V ) ⊗ OP1(b) ⊂ TP1. This inclusion lifts to an inclusion of vector bundles
q∗M ⊂ TP(K ). Let F be the pullback via ψ of the foliation defined by q
∗M in PP1(K ). One computes that
OX(−KF ) ∼= OP
P1
(E )(1)|X . 
Example 53. Set E = OP1(a1) ⊕ · · · ⊕ OP1(a6), with 1 = a1 = a2 6 a3 6 a4 6 a5 = a6 = a, and
a3 + a4 6 a+ 1. Set K = OP1(a)
⊕2, and b = −(a3 + a4). Then E and b satisfy condition (4) in Proposition
52. Let λ4,4 ∈ H0
(
P1,OP1(2a4+ b)
)
, λ2,5 ∈ H0
(
P1,OP1(a2+ a5+ b)
)
and λ1,6 ∈ H0
(
P1,OP1(a1+ a6+ b)
)
be
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general sections. Then λ4,4+λ2,5+λ1,6 ∈ H0
(
P1, S2E ⊗OP1(b)
)
∼= H0
(
PP1(E ),OP
P1
(E )(2)⊗π
∗O(b)
)
defines
a smooth hypersurface X ⊂ PP1(E ).
4.4. Codimension 1 Mukai foliations on projective space bundles over surfaces.
In this subsection, we work under Assumptions 37, supposing moreover that τ(L) = n− 1 and ϕL makes
X a Pn−2-bundle over a smooth surface S. This is case (2c) of Theorem 40.
We start with some easy observations.
Lemma 54. Let C be a smooth proper curve of genus g > 0, and p : S → C a ruled surface. Suppose that
−KS ∼ A+ B where A is an ample divisor, and B is effective. Then g = 0. If moreover B is nonzero and
supported on fibers of p, then S ∼= P1 × P1.
Proof. Let E be a normalized vector bundle on C such that S ∼= PC(E ), and set e := − deg(E ), as in [Har77,
Notation V.2.8.1]. Denote by f a general fiber, and by C0 a minimal section of p : S → C. Let a and
b be integers such that A ∼ aC0 + bf . We have −KS ∼ 2C0 + (2 − 2g + e)f , and hence a ∈ {1, 2}, and
B ∼ (2 − a)C0 + (e− 2g + 2− b)f . Since B is effective, e− 2g + 2− b > 0.
We claim that e > 0. Suppose to the contrary that e < 0. Then b > 12ae by [Har77, Proposition V.2.21].
Thus 2g − 2 6 e − b < e − 12ae < 0, and g = 0. But this contradicts [Har77, Theorem V.2.12], proving the
claim.
By [Har77, Proposition V.2.20], we must have b > ae+1, and thus −2 6 2g−2 6 e− b 6 (1−a)e−1 < 0.
This implies g = 0, and b− e ∈ {1, 2}. If moreover a = 2 and B 6= 0, then e = 0, completing the proof of the
lemma. 
Lemma 55. Let S be a smooth projective surface such that −KS ∼ A+B where A is ample, and B 6= 0 is
effective. Then either S ∼= P2, or S is a Hirzebruch surface.
Proof. It is enough to show that either S is minimal, or S ∼= F1. Suppose otherwise, and let c : S → T be
a proper birational morphism onto a ruled surface q : T → C. Set AT := c∗A, and BT := c∗B. Then AT is
ample, BT is effective, and −KT ∼ AT +BT . By Lemma 54, C ∼= P1 and T ∼= Fe for some e > 0.
Let p : S → C be the induced morphism, and denote by f a fiber of p or q. Since c is not an isomorphism
by assumption, A · f > 2. On the other hand, −KS · f = 2, and thus A · f = −KS · f − B · f 6 2. Hence
A · f = AT · f = 2, and B · f = BT · f = 0. These equalities, together with the fact that AT is ample and
−KT ∼ AT +BT , imply that one of the following holds:
(1) T ∼= F1 and BT = 0; or
(2) T ∼= P1 × P1 and either BT = 0 or B = f .
Suppose that BT = 0. Intersecting −KS with the (disjoint) curves Ei’s contracted by c gives that
A = c∗AT −
∑
Ei = −KS. But this forces B = 0, contrary to our assumptions.
So we must have T ∼= P1 × P1 and B = f . Intersecting −KS with the (disjoint) curves Ei’s contracted
by c gives that A = c∗AT −
∑
Ei and B = f . Let ℓ ⊂ T be a fiber of the projection T ∼= P1 × P1 → P1
transversal to q : T → P1. Then AT · ℓ = 1. We choose ℓ to contain the image of some Ei, and let ℓ˜ ⊂ S be
its strict transform. Then A · ℓ˜ 6 0, contrary to our assumptions.
We conclude that either S is minimal, or S ∼= F1. 
Proposition 56. Let X, F and L be as in Assumptions 37. Suppose that τ(L) = n− 1, and ϕL makes X
a Pn−2-bundle over a smooth surface S. Then there exist
• an exact sequence of sheaves of OS-modules
0 → K → E → Q → 0,
where K , E , and V := Q∗∗ are vector bundles on S, E is ample of rank n− 1, and rank(K ) = 2;
• a codimension 1 foliation G on PS(K ), generically transverse to the natural projection q : PS(K )→
S, satisfying det(G ) ∼= q∗ det(V ) and raG > 1;
such that X ∼= PS(E ), and F is the pullback of G via the induced relative linear projection PC(E ) 99K PC(K ).
In this case, ra
F
> rF − 1. Moreover, one of the following holds.
(1) S ∼= P2, det(V ) ∼= OP2(i) for some i ∈ {1, 2, 3}, and 4 6 n 6 3 + i.
(2) S is a del Pezzo surface 6∼= P2, det(V ) ∼= OS(−KS) , and 4 6 n 6 5.
(3) S ∼= P1 × P1, det(V ) is a line bundle of type (1, 1), (2, 1) or (1, 2), and n = 4.
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(4) S ∼= Fe for some integer e > 1, det(V ) ∼= OFe(C0 + (e + i)f), where i ∈ {1, 2}, C0 is the minimal
section of the natural morphism Fe → P1, f is a general fiber, and n = 4.
Conversely, given S, K , E , V as above, and a codimension one foliation G ⊂ TPS(K ) satisfying det(G )
∼=
q∗ det(V ), the pullback of G via the relative linear projection X ∼= PS(E ) 99K PS(K ) is a codimension one
Mukai foliation on X.
Proof. Denote by F ∼= Pn−2 a general fiber of ϕL, and recall from Theorem 40(2c) that L|F ∼= OPn−2(1).
Set E := (ϕL)∗L . Then E is an ample vector bundle of rank n− 1, and X ∼= PS(E ).
We claim that TX/S 6⊆ F . Indeed, if TX/S ⊆ F , then F would be the pullback via ϕL of a foliation on
S, and hence L⊗n−3|F ∼= det(F )|F ∼= det(TX/S)|F ∼= L
⊗n−1
|F by 11, which is absurd. So H := F ∩ TX/S
is a codimension 3 foliation on X . Denote by HF the codimension 1 foliation on F ∼= Pn−2 obtained by
restriction of H . By 13, there exists a non-negative integer c such that −KHF = (n− 3 + c)H , where H
denotes a hyperplane in Pn−2. By Thereom 3, c = 0, and HF is a degree zero foliation on F ∼= Pn−2.
Let K and V be as defined in 44. By [Har80, Corollary 1.4] and [AD13, Remark 2.3], K and V are
vector bundles on S, and there is an exact sequence
0 → K → E → Q → 0
with Q∗∗ ∼= V . The foliation H is induced by the relative linear projection ψ : X ∼= PS(E ) 99K PS(K ). So,
by 11, F is the pullback via ψ of a rank 2 foliation G on PS(K ). There is an open subset X
◦ ⊂ X with
codimX(X \X◦) > 2 such that ψ◦ = ψ|X◦ : X
◦ → PS(K ) is a smooth morphism with connected fibers. So,
by (2.2),
L
⊗n−3 ∼= det(F ) ∼= det(TX/PS(K ))⊗ ϕ
∗ det(G ),
where TX/PS(K ) denotes the saturation of TX◦/PS(K ) in TX . A straightforward computation gives det(G )
∼=
q∗ det(V ), where q : PS(K ) → S denotes the natural projection. By Lemma 57, det(V ) is an ample line
bundle on S. Thus, applying Theorem 16 to a suitable destabilizing subsheaf of G , we conclude that ra
G
> 1.
The natural morphism G → q∗TS is injective since TPS(K )/S 6⊆ G . Let q
∗B be the divisor of zeroes of the
induced map q∗ det(V ) ∼= det(G )→ q∗ det(TS).
Suppose first that B = 0. Then det(V ) ∼= OS(−KS), and hence S is a del Pezzo surface. If S ∼= P2, then
det(V ) ∼= OP2(3). Since the restriction of V to a general line on P
2 is an ample vector bundle, rank(V ) 6 3,
and hence 4 6 n 6 6. Suppose that S 6∼= P2, and let ℓ ⊂ S be a general free rational curve of minimal
anticanonical degree. Then det(V ) · ℓ = −KS · ℓ = 2. Since V|ℓ is an ample vector bundle, rank(V ) 6 2, and
hence 4 6 n 6 5.
Suppose now that B 6= 0. By Lemma 55, either S ∼= P2, or S is a Hirzebruch surface. If S ∼= P2, then
det(V ) ∼= OP2(i), with i ∈ {1, 2}. As above, we see that rank(V ) 6 i, and hence 4 6 n 6 3 + i. If S ∼= Fe
for some e > 0, then a straightforward computation gives that either det(V ) ∼= OFe(C0 + (e + i)f), with
i ∈ {1, 2}, or e = 0 and det(V ) ∼= OFe(2C0 + f). In any case, det(V ) · ℓ = 1 for a suitable free rational curve
ℓ ⊂ Fe. Since V|ℓ is an ample vector bundle, rank(V ) = 1, and hence n = 4.
Conversely, given S, K , E , V satisfying one the conditions in the statement of Proposition 56, and a
codimension one foliation G ⊂ TPS(K ) satisfying det(G )
∼= q∗ det(V ), a straightforward computation shows
that the pullback of G via the relative linear projection X ∼= PS(E ) 99K PS(K ) is a codimension one foliation
on X with determinant OPS(E )(n− 3). 
Lemma 57. Let S be a smooth projective surface, W ⊂ S a closed subscheme with codimSW > 2, E an
ample vector bundle on S, and V a vector bundle on S such that there exists a surjective morphism of sheaves
of OS-modules E ։ IWV . Then det(V ) is an ample line bundle.
Proof. Let r be the rank of V . The r-th wedge product of the morphism E ։ IWV gives rise to a
surjective morphism ∧rE|S\Supp(W ) ։ det(V )|S\Supp(W ). It follows that det(V ) ·C > 1 for any curve C ⊂ S.
To conclude that det(V ) is ample, it is enough to show that h0(S, det(V )⊗m) > 1 for some integer m > 1
by the Nakai-Moishezon criterion.
Set Y := PS(∧rE ). Denote by OY (1) the tautological line bundle on Y , and by q : Y → S the natural
projection. Let T ⊂ Y be the closure of the section of q|S\Supp(W ) corresponding to ∧
rE|S\Supp(W ) ։
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det(V )|S\Supp(W ). Then OY (1)|T ∼= (q|T )
∗ det(V ) ⊗ OT (E) for some divisor E ⊂ T with Supp(E) ⊂ T ∩
q−1(Supp(W )). Since OY (1)|T is an ample line bundle, we must have
h0(S \ Supp(W ), det(V )⊗m|S\Supp(W )) > h
0(T \ Supp(E),OY (m)|T\Supp(E)) > h
0(T,OY (m)|T ) > 1
for some m > 1, and hence h0(S, det(V )⊗m) > 1. 
Our next goal is to classify pairs (K ,G ) that appear in Proposition 56. When det(G ) ∼= q∗OS(−KS), the
situation is easily described as follows. This includes the cases described in Proposition 56(1, i = 3) and (2).
Remark 58. Let Z be a simply connected smooth projective variety, and let K be a rank 2 vector bundle
on Z. Set Y := PZ(K ), with natural projection q : Y → Z. Denote by OY (1) the tautological line bundle
on Y . Let G ⊂ TY be a codimension one foliation on Y such that G ∼= q∗OZ(−KZ). Then G ⊂ TY induces
a flat connection on q. Thus K ∼= M ⊕M for some line bundle M on Z, and G is induced by the natural
morphism PZ(K ) ∼= Z × P1 → P1.
Suppose now that S ∼= P2 or Fe, and det(G ) 6∼= q
∗OS(−KS). We will describe K and G that appear in
Proposition 56 by restricting them to special rational curves on S. Our analysis will rely on the following
result.
Lemma 59. Let m > 0 be an integer, and consider the ruled surface q : Fm → P1. Let C ∼= q∗OP1(a) be a
foliation by curves on Fm with a > 0. Then a ∈ {1, 2}, and one of the following holds.
(1) If a = 2, then m = 0, and C is induced by the projection F0 ∼= P1 × P1 → P1 transversal to q.
(2) If a = 1, then m > 1, and C is induced by a pencil containing C0 + mf0, where C0 denotes the
minimal section and f0 a fiber of q : Fm → P1.
Proof. Notice that C 6= TFm/P1 , thus the natural map q
∗OP1(a) ∼= C → q
∗TP1 ∼= q
∗OP1(2) is nonzero, and
hence a ∈ {1, 2}. If a = 2, then, as in Remark 58, C yields a flat connexion on q, m = 0, and C is induced
by the projection F0 ∼= P1 × P1 → P1 transversal to q, proving (1).
From now on we assume that a = 1. Then we must have m > 1, since the map C → TFm does not vanish
in codimension one. Denote by C0 be a minimal section, and by f a fiber of q : Fm → P
1.
By Theorem 16, C is algebraically integrable and its leaves are rational curves. So it is induced by a
rational map with irreducible general fibers π : Fm 99K P
1. Let C be the closure of a general leaf of C . As
in the proof of Proposition 46, one shows that C is a section of q, and C is not regular along C. Write
C ∼ C0 + bf with b > m (see [Har77, Proposition V.2.20]).
The foliation C is induced by a pencil Π of members of |OFm(C)|. Observe that the space of reducible
members of |OFm(C)| is a codimension one linear subspace. Therefore, Π has a unique reducible member.
Let f0 be the divisor of zeroes of q
∗OP1(1) ∼= C → q
∗TP1 ∼= q
∗OP1(2). It is a fiber of q. Note that C
induces a flat connection on q over Fm \ f0. In particular, C is regular over Fm \ f0. Let R(π) be the
ramification divisor of π, and notice that R(π) is supported on f0. A straightforward computation gives
R(π) ≡ (2b − (m + 1))f . Let C1 + kf0 the reducible member of Π (k > 1), where C1 is irreducible. Write
C1 ∼ C0 + b1f . Then k = 2b − (m+ 1) + 1, and b1 + k = b. Thus b − k = m − b 6 0, and b − k = b1 > 0.
Hence b1 = 0, and k = b = m. This proves (2). 
Proposition 60. Let K be a rank 2 vector bundle on a ruled surface p : Fe → P
1, e > 0. Set Y := PFe(K ),
with natural projection q : Y → Fe, and tautological line bundle OY (1). Let G ⊂ TY be a codimension one
foliation on Y with det(G ) ∼= q∗A for some ample line bundle A on Fe. Then one of the following holds.
(1) e ∈ {0, 1} and there exists a line bundle B on Fe such that
• K ∼= B ⊕B, and
• G is induced by the natural morphism Y ∼= Fe × P1 → P1 and thus det(G ) ∼= q∗OFe(−KFe).
(2) There exist a line bundle B on Fe, integers s > 1 and t > 0, a minimal section C0 and a fiber f of
p : Fe → P1 such that
• K ∼= B ⊗
(
OFe ⊕ OFe(sC0 + tf)
)
,
• G is induced by a pencil in |OY (1)⊗ q
∗B∗| containing Σ+ q∗(sC0 + tf), where Σ is the section
of q : Y → Fe corresponding to the surjection OFe ⊕ OFe(sC0 + tf)։ OFe ,
• det(G ) ∼= q∗OFe(C0 + (e+ 2)f) if t = 0, and det(G ) ∼= q
∗OFe(C0 + (e + 1)f) if t > 0.
(3) e ∈ {0, 1}, there exist a line bundle B on Fe, an integer s > 1, and an irreducible divisor B ∼ C0+f
on Fe, where C0 is a minimal section and f a fiber of p : Fe → P1, such that
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• K ∼= B ⊗
(
OFe ⊕ OFe(s(C0 + f))
)
,
• G is induced by a pencil in |OY (1) ⊗ q∗B∗| containing Σ + sq∗B, where Σ is the section of
q : Y → Fe corresponding to the surjection OFe ⊕ OFe(s(C0 + f))։ OFe ,
• det(G ) ∼= q∗OFe(C0 + (e+ 1)f).
(4) There exist a line bundle B on Fe, integers s, t > 1, a minimal section C0 and a fiber f of p : Fe → P
1
such that
• K ∼= B ⊗
(
OFe(sC0)⊕ OFe(tf)
)
,
• G is induced by a pencil in |OY (1)⊗ q∗B∗| generated by Σ+ sq∗C0 and Σ′+ tq∗f , where Σ and
Σ′ are sections of q : Y → Fe corresponding to the surjections OFe(sC0)⊕ OFe(tf)։ OFe(tf),
and OFe(sC0)⊕ OFe(tf)։ OFe(sC0), respectively,
• det(G ) ∼= q∗OFe(C0 + (e+ 1)f).
(5) There exist a line bundle B on Fe, integers s > 1 and λ > 0, a minimal section C0 and a fiber f of
p : Fe → P1 such that
• K fits into an exact sequence
0 → OFe ⊕ OFe(sC0) → K ⊗B
∗ → Of (−λ)→ 0,
• G is induced by a pencil in |OY (1) ⊗ q∗B∗| generated by Σ + sq∗C0 and Σ′, where Σ is the
zero locus of the section of OY (1) ⊗ q∗(B∗ ⊗ OFe(−sC0)) corresponding to OFe(sC0) → OFe ⊕
OFe(sC0)→ K ⊗B
∗, and Σ′ corresponds to OFe → OFe ⊕ OFe(sC0)→ K ⊗B
∗,
• det(G ) ∼= q∗OFe(C0 + (e+ 1)f).
(6) There exist a line bundle B on Fe, an integer t > 0, a minimal section C0 and a fiber f of p : Fe → P1,
and a local complete intersection subscheme Λ ⊂ Fe of codimension 2, with h0(Fe,IΛOFe(C0)) > 1,
such that
• K fits into an exact sequence
0 → OFe(tf) → K ⊗B
∗ → IΛOFe(C0) → 0,
• G is induced by a pencil in |OY (1) ⊗ q
∗B∗| containing Σ + tq∗f , where Σ is the zero locus of
the section of OY (1)⊗ q∗(B∗ ⊗ OFe(−tf)) corresponding to OFe(tf)→ K ⊗B
∗,
• det(G ) ∼= q∗OFe(C0 + (e+ 1)f).
(7) There exist a line bundle B on Fe, a minimal section C0 and a fiber f of p : Fe → P1, and a local
complete intersection subscheme Λ ⊂ Fe of codimension 2 such that
• there exists a curve C ∼ C0 + f with Λ ⊂ C and, for any proper subcurve C′ ( C, Λ 6⊂ C′,
• K fits into an exact sequence
0 → OFe → K ⊗B
∗ → IΛOFe(C0 + f) → 0,
• G is induced by a pencil of irreducible members of |OY (1)⊗ q∗B∗| containing Σ, the zero locus
of the section of OY (1)⊗ q∗B∗ corresponding to OFe → K ⊗B
∗,
• det(G ) ∼= q∗OFe(C0 + (e+ 1)f).
Proof. To ease notation, set S := Fe. Denote by C0 a minimal section, and by f a general fiber of p : S → P1.
Denote by F ∼= P1 a general fiber of q : Y → S. Given any curve C ⊂ S, we set YC := q
−1(C), and denote
by qC : YC → C the restriction of q to YC .
We claim that TY/S 6⊆ G . Indeed, if TY/S ⊆ G , then G would be the pullback via q of a foliation on S, and
hence OP1 ∼= det(G )|F ∼= (TY/S)|F ∼= OP1(2) by 11, which is absurd. Therefore, the natural map TY → q
∗TS
induces an injective morphism of sheaves G → q∗TS . Let q
∗B be the divisor of zeroes of the induced map
q∗ det(A ) ∼= det(G )→ q∗ det(TS).
Suppose that B = 0. Then A ∼= OS(−KS) is ample, and hence e ∈ {0, 1}. Moreover, G ⊂ TY induces
a flat connection on q. Thus K ∼= B ⊕B for some line bundle B on S, and G is induced by the natural
morphism Y ∼= S × P1 → P1. This is case (1) in the statement of Proposition 60.
Suppose from now on that B 6= 0. A straightforward computation shows that one of the following holds
(up to possibly exchanging C0 and f when e = 0).
• A ∼= OS(C0 + (e + 1)f) and B ∼ C0 + f , or
• A ∼= OS(C0 + (e + 2)f) and B ∼ C0.
In either case, B contains a unique irreducible component dominating P1. We denote this irreducible
component by B1, and set B2 := B −B1.
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Let C ∼= P1 be a general member of |OS(C0 + ef)|. Since TY/S 6⊆ G , G induces foliations by curves
Cf ⊂ TYf and CC ⊂ TYC on Yf and YC , respectively. By 13, there exist effective divisors Df on Yf and DC
on YC such that
(4.7) OYf (−KCf )
∼= (q∗A )|Yf ⊗ OYf (Df ), and OYC (−KCC )
∼= q∗
(
A ⊗ OS(−C0 − ef)
)
|YC
⊗ OYC (DC).
Claim.
(a) Cf ∼= q∗fOP1(1), Yf
∼= Fm with m > 1, and Cf is induced by a pencil containing σ0 +mℓ0, where σ0
denotes the minimal section and ℓ0 a fiber of qf : Yf → P1.
(b) If B ∼ C0 + f (and so C ∩ Supp(B) 6= ∅), then CC ∼= q∗COP1(1), YC
∼= Fm with m > 1, and CC
is induced by a pencil containing σ0 +mℓ0, where σ0 denotes the minimal section and ℓ0 a fiber of
qC : YC → P1.
(c) If B ∼ C0 (and so C ∩ Supp(B) = ∅), then CC ∼= q∗COP1(2), YC
∼= C × P1, and CC is induced by the
projection morphism C × P1 → P1.
On the open subset Y \ q−1(Supp(B)), G is regular and induces a flat connection. Therefore G|Yf intersects
TYf/f transversely over f \ {f ∩ Supp(B)}, and thus the support of Df is contained in q
−1(f ∩ Supp(B)).
It follows from (4.7) that Cf ∼= q
∗
fOP1(k) for some positive integer k. Since the natural map Cf → q
∗
fTf
is injective, we must have k ∈ {1, 2}. The same argument shows that CC ∼= q∗COP1(l), with l ∈ {1, 2}. If
Cf
∼= q∗fOP1(2), then Cf is a regular foliation, Yf
∼= f × P1, and Cf is induced by the projection morphism
f × P1 → P1. On the other hand, if b is a general point in Supp(B), then q−1(b) is tangent to G , while
G is regular at a general point of q−1(b). Since f is assumed to be general, f ∩ Supp(B) is a general
point b ∈ Supp(B), and we conclude from this observation that Yf must be a leaf of G , which is absurd.
Therefore we must have Cf ∼= q∗fOP1(1) and Df = 0. Analogously, we prove that if C ∩ Supp(B) 6= ∅, then
CC
∼= q∗COP1(1) and DC = 0. The description of (Yf ,Cf ) and (YC ,CC) in this case follow from Lemma 59.
Finally, if B ∼ C0, then DC = 0, and CC induces a flat connection on qC . Therefore CC ∼= q∗COP1(2),
YC ∼= C × P1, and CC is induced by the projection morphism C × P1 → P1. This proves the claim.
Next we show that G has algebraic leaves, and that a general leaf has relative degree 1 over S. From
the claim, we know that the general leaves of Cf and CC are sections of qf : Yf → f and qC : YC → C,
respectively. Let FC be a general leaf of CC mapping onto C. For a general fiber f of p : S → P1, Yf meets
FC in a single point, and there is a unique leaf Ff of Cf through this point. We let Σ be the closure of the
union of the Ff ’s obtained in this way, as f varies through general fibers of p : S → P1. It is a general leaf
of G , and has relative degree 1 over S.
Since G is algebraically integrable, we can consider the rational first integral for G , π : Y 99K W˜ , as
described in 15. Since Y is a rational variety, W˜ ∼= P1. So G is induced by a pencil Π in the linear system
|OY (1)⊗ q∗M | for some line bundle M on S. Notice that πf := π|Yf : Yf 99K P
1 and πC := π|YC : YC 99K P
1
are rational first integrals for Cf and CC , respectively, and Cf and CC are induced by the restricted pencils
Π|Yf and Π|YC , respectively.
Our next task is to determine the line bundle M . From claim (a–c), there are integers a, b, s, t, with s > 1
and t > 0 such that K|f ∼= OP1(a)⊕ OP1(a+ s), and K|C ∼= OP1(b)⊕OP1(b+ t). Moreover, M|f ∼= OP1(−a)
and M|C ∼= OP1(−b). This implies that M ∼= OS(−aC0 − bf).
Any member of Π can be written as Σ + uq∗B1 + vq
∗B2, where Σ is irreducible and has relative degree
1 over S, and u, v > 0 are integers. In particular, the ramification divisor R(π) of π must be of the form
R(π) = cq∗B1 + dq
∗B2, with c, d > 0 integers. We have
NG ∼=
(
π∗Ω1P1 ⊗ OY (R(π))
)∗ ∼= OY (2)⊗ q∗M⊗2 ⊗ OY (−R(π)).
On the other hand,
NG ∼= OY (−KY )⊗ OY (KG ) ∼= OY (2)⊗ q∗(det(K ∗)⊗ OS(−KS)⊗A ∗)
∼= OY (2)⊗ q
∗(det(K ∗)⊗ OS(B)),
and hence
OY (R(π)) ∼= q
∗(M⊗2 ⊗ det(K )⊗ OS(−B)) ∼= q
∗(OS(sC0 + tf)⊗ OS(−B)).
It follows from claim (b–c) that, if B ∼ C0 then t = d = 0, and if B 6∼ C0, then c = s − 1 and d = t − 1.
Notice also that, if s > 2, then the pencil Π contains a member of the form Σ + sq∗B1 + vq
∗B2, where Σ
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is irreducible and has relative degree 1 over S, and v > 0. Similarly, if t > 2, then the pencil Π contains a
member of the form Σ+ uq∗B1 + tq
∗B2, where Σ is irreducible and has relative degree 1 over S, and u > 0.
Case 1: Suppose that Π contains a member of the form Σ+ uq∗B1+ vq
∗B2, where Σ is irreducible and has
relative degree 1 over S, B2 6= 0, and u, v > 0.
Up to replacing C0 and f with linearly equivalent curves on S, we may write B = C0+ f . It follows from
claim (a–b) that u = s and v = t. Moreover Σ∩ Yf and Σ ∩ YC are the minimal sections of qf : Yf → f and
qC : YC → C, respectively. If Σ′ is the closure of a general leaf of G , then Σ ∩ Σ′ ∩ Yf = ∅ = Σ ∩ Σ′ ∩ YC .
This implies that Σ ∩ Σ′ ∩ q−1(b) = ∅ for a general point b ∈ Supp(B). One can find an open subset
V ⊂ S, with codimS(S \ V ) > 2, such that Σ ∩ q−1(V ) and Σ′ ∩ q−1(V ) are sections of q|q−1(V ), and
Σ ∩ Σ′ ∩ q−1(V ) = ∅. Therefore, there are line bundles B1 and B2 on S such that K ∼= B1 ⊕ B2, and
Σ corresponds to the surjection B1 ⊕B2 ։ B1. From the description of K|f and K|C above, we see that
B1|f
∼= OP1(a), B1|C ∼= OP1(b), B2|f ∼= OP1(a+ s), and B2|C ∼= OP1(b + t). Thus B1 ∼= OS(aC0 + bf), and
B2
∼= OS((a+ s)C0 + (b + t)f). We are in case (2) in the statement of Proposition 60, with t > 1.
Case 2: Suppose that Π contains a member of the form Σ+ uq∗B1, where Σ is irreducible and has relative
degree 1 over S, and u > 0.
It follows from claim (a) that u = s. Next we prove that any other reducible divisor of Π must be of the
form Σ′ + tq∗B2, where Σ
′ is irreducible and has relative degree 1 over S. In particular, if there exists such
divisor in Π, we must have B2 6= 0 and t > 0. Indeed, let D = Σ′ + iq∗B1 + jq∗B2 be a reducible member
of Π, where Σ′ is irreducible and has relative degree 1 over S. If i > 0, then it follows from the claim that
i = s and Σ = Σ′. Since D ∼ Σ+ sq∗B1, we must have D = Σ+ sq∗B1. If i = 0, then we must have B2 6= 0
and j > 0. It follows from claim (b) that j = t, and so D = Σ′ + tq∗B2.
We consider three cases.
Case 2.1: Suppose that B2 = 0, and B = B1 ∼ C0 + f . Then we must have e ∈ {0, 1}.
Let Σ′ is the closure of a general leaf of G . It follows from claim (a) that Σ ∩ Yf is the minimal section
of qf , and Σ ∩ Σ′ ∩ Yf = ∅. Proceeding as in case 1, we show that we must be in case (3) in the statement
of Proposition 60.
Case 2.2: Suppose B2 = 0, and B = B1 ∼ C0.
Up to replacing C0 with a linearly equivalent curve on S, we may write B = C0.
Since Σ is irreducible and has relative degree 1 over S, it contains only finitely many fibers of q, and
corresponds to a surjective morphism of sheaves K ։ IΛS , where S is a line bundle on S, and Λ ⊂ S is
a closed subscheme with codimSΛ > 2. Denote by T the kernel of this morphism. Then T is a line bundle
on S, and T ⊗S ∼= det(K ) ∼= OS((2a+ s)C0 + 2bf). Since Σ + sq∗C0 ∈ Π ⊂ |OY (1)⊗ q∗OS(−aC0 − bf)|,
we must have T ⊗ OS(−aC0 − bf) ∼= OS(sC0), and S ⊗ OS(−aC0 − bf) ∼= OS .
Let Σ′ is the closure of a general leaf of G , and σ′ ∈ H0(Y,OY (1)⊗ q∗OS(−aC0 − bf)) a nonzero section
vanishing along Σ′. We claim that σ′ is mapped to a nonzero element in H0(S,IΛS ⊗ OS(−aC0 − bf)) ∼=
H0(S,IΛ) under the natural morphism H
0(S,K ⊗ OS(−aC0 − bf)) → H0(S,IΛS ⊗ OS(−aC0 − bf)).
Indeed, if 0 6= σ ∈ H0
(
Y,OY (1)⊗q∗OS(−aC0−bf))
)
comes from H0
(
S,T ⊗OS(−aC0−bf))
)
⊂ H0
(
S,K ⊗
OS(−aC0− bf))
)
∼= H0
(
Y,OY (1)⊗ q∗OS(−aC0− bf))
)
, then its zero locus on Y must be reducible, yielding
a contradiction. We conclude that Λ = ∅, and the exact sequence 0→ T → K → S → 0 splits. So we are
in case (2) in the statement of Proposition 60, with s > 0 and t = 0.
Case 2.3: Suppose that B2 6= 0.
Up to replacing C0 and f with linearly equivalent curves on S, we may write B = C0 + f .
As in case 2.2, Σ corresponds to a surjective morphism of sheaves K ։ IΛS , where S is a line bundle on
S, and Λ ⊂ S is a closed subscheme with codimSΛ > 2. Denote by T the kernel of this morphism. Then T
is a line bundle on S, and T ⊗S ∼= det(K ) ∼= OS((2a+s)C0+(2b+ t)f) ∼= OS(sC0+ tf)⊗OS(2aC0+2bf).
Since Σ + sq∗C0 ∈ |OY (1) ⊗ q∗OS(−aC0 − bf)|, we must have T ⊗ OS(−aC0 − bf) ∼= OS(sC0), and
S ⊗ OS(−aC0 − bf) ∼= OS(tf). Thus, we have an exact sequence
0 → OS(sC0) → K ⊗ OS(−aC0 − bf) → IΛOS(tf) → 0,
where OS(sC0)→ K ⊗ OS(−aC0 − bf) is the map corresponding to Σ + sq∗C0 ∈ Π.
Suppose that Σ + sq∗C0 is the only reducible member of Π. Then we must have t = 1. Let Σ
′ is the
closure of a general leaf of G , and σ′ ∈ H0(Y,OY (1)⊗ q∗OS(−aC0 − bf)) a nonzero section vanishing along
Σ′. As in case 2.2, we see that σ′ is mapped to a nonzero element σ¯′ ∈ H0(S,IΛS ⊗ OS(−aC0 − bf)) ∼=
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H0(S,IΛOS(f)) under the natural morphism H
0(S,K ⊗OS(−aC0−bf))→ H0(S,IΛS ⊗OS(−aC0−bf)).
Let f ′ ∼ f be the divisor of zeros of σ¯′. Then Λ ⊂ f ′. Since Σ ∩ Σ′ ∩ q−1(b) = ∅ for any point b ∈ C0 \ f ,
we must have f = f ′. We obtain an exact sequence
0 → OS ⊕ OS(sC0) → K ⊗ OS(−aC0 − bf) → Of (−Λ) → 0,
where OS → K ⊗OS(−aC0−bf) is the map given by σ′. We are in case (5) in the statement of Proposition 60
Now suppose that Π contains a second reducible divisor. We have seen above that it must be of the
form Σ′ + tq∗f , where Σ′ is irreducible and has relative degree 1 over S. As before, it gives rise to an exact
sequence
0 → OS(tf) → K ⊗ OS(−aC0 − bf) → IΛ′OS(sC0) → 0,
where Λ′ ⊂ S is a closed subscheme with codimSΛ
′ > 2. Notice that Σ 6= Σ′, and so the induced morphism
OS(sC0)⊕OS(tf)→ K ⊗OS(−aC0− bf) is injective. Since det(OS(sC0)⊕OS(tf)) ∼= det(K ⊗OS(−aC0−
bf)), it is in fact an isomorphism. We are in case (4) in the statement of Proposition 60.
Case 3: Suppose that Π contains a member of the form Σ+ vq∗B2, where Σ is irreducible and has relative
degree 1 over S, B2 6= 0, and v > 0.
Up to replacing C0 and f with linearly equivalent curves on S, we may write B = C0+ f . It follows from
claim (b) that v = t.
As in case (2), we see that any other reducible divisor of Π must be of the form Σ′ + sq∗C0, where Σ
′ is
irreducible and has relative degree 1 over S. If there exists such divisor, we are in case 2.3 above. So we
may assume that Σ + tq∗f is the only reducible member of Π. This implies that s = 1, and Σ gives rise to
an exact sequence
0 → OS(tf) → K ⊗ OS(−aC0 − bf) → IΛOS(C0) → 0,
where Λ ⊂ S is a closed subscheme with codimSΛ > 2. If Λ = ∅, then the sequence splits since h1(S,OS(−C0+
tf)) = 0, and we are in case (4) in the statement of Proposition 60, with s = 1. If Λ 6= ∅, then Λ is a local
complete intersection subscheme, and we are in case (6) in the statement of Proposition 60, with t > 1.
Case 4: Suppose that all members of Π are irreducible.
Then s = 1 and t 6 1. Let Σ′ be the closure of a general leaf of G . It gives rise to an exact sequence
0 → OS → K ⊗ OS(−aC0 − bf) → IΛOS(C0 + tf) → 0,
where Λ ⊂ S is a closed subscheme with codimSΛ > 2. We claim that Λ 6= ∅. Indeed, if Λ = ∅, then the
sequence splits since h1(S,OS(−C0−f)) = 0. But this implies that Π contains a reducible member, contrary
to our assumptions. Hence codimSΛ = 2, and Λ is a local complete intersection subscheme.
If t = 0, then we are in case (6) in the statement of Proposition 60.
Suppose from now on that t = 1. Then we must have h0(S,IΛOS(C0+ f)) > 1. We will show that, there
exists a curve C ∼ C0 + f with Λ ⊂ C such that, for any proper subcurve C′ ( C, Λ 6⊂ C′. Suppose to the
contrary that any curve C ∼ C0 + f with Λ ⊂ C can be written as C = C1 ∪ f1 with C1 ∼ C0, f1 ∼ f , and
either Λ ⊂ C1, or Λ ⊂ f1. This implies that the set of reducible members of |OY (1)⊗ q∗OS(−aC0− bf)| has
codimension 1 since h0(S,OS(−f)) = 0 = h0(S,OS(−C0)). This contradicts the fact that all members of Π
are irreducible. We are in case (7) in the statement of Proposition 60. 
Next we investigate whether all the 7 cases described in Proposition 60 in fact occur.
61 (Proposition 60(1–4)). Let K be a rank 2 vector bundle on a ruled surface p : Fe → P1, e > 0. Set
Y := PFe(K ), with natural projection q : Y → Fe, and denote by OY (1) the tautological line bundle on Y .
Suppose that K satisfies one of the conditions (1-4) in the statement of Proposition 60. Then the pencil Π
described in the statement yields a codimension one foliation G on Y with det(G ) ∼= q∗A where A is an
ample line bundle.
62 (Proposition 60(5)). Consider the ruled surface p : Fe → P1, with e > 0, denote by C0 a minimal section,
and by f a fiber of p. Let s, λ > 0 be integers, and suppose that K is a coherent sheaf on Fe fitting into an
exact sequence
(4.8) 0 → K → OFe(f)⊕ OFe(sC0 + f) → Of0(s+ λ+ 1) → 0.
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By [HL97, Proposition 5.2.2], K is a rank 2 vector bundle on Fe. Since det(K ) ∼= OFe(sC0+ f), we have
K ∗ ∼= K ⊗ OFe(−sC0 − f). Dualizing sequence (4.8), and twisting it with OFe(sC0 + f) yields
(4.9) 0 → OFe ⊕ OFe(sC0) → K → Of0(−λ)→ 0
Conversely, dualizing sequence (4.9), and twisting it with OFe(sC0 + f) yields sequence (4.8).
Set Y := PFe(K ), with natural projection q : Y → Fe and tautological line bundle OY (1). Let Σ be the
zero locus of the section of OY (1)⊗q
∗OFe(−sC0) corresponding to the map OFe(sC0)→ OFe⊕OFe(sC0)→ K
induced by (4.9). Similarly, let Σ′ be the zero locus of the section of OY (1) corresponding to the map
OFe → OFe ⊕OFe(sC0)→ K induced by (4.9). Let Π be the pencil in |OY (1)| generated by Σ + sq
∗C0 and
Σ′.
If Σ+sq∗C0 is the only reducible member of Π, then this pencil induces a foliation G on Y as in Proposition
60(5). So we investigate this condition. Suppose that there exists another reducible divisor in Π, and write
it as Σ′′ + q∗D 6= Σ + sq∗C0, where D ∼ uC0 + vf is a nonzero effective divisor on Fe. By restricting Π
to Yf = q
−1(f), we see that u = 0 and v > 0. Thus h0(Fe,K ⊗ OFe(−vf0)) > 1. On the other hand,
h0(Fe,OFe(−vf0)⊕ OFe(sC0 − vf0)) = 0. This implies λ = 0, and thus K
∼= OFe(f)⊕ OFe(sC0).
63 (Proposition 60(6)). Consider the ruled surface p : Fe → P
1, with e > 0, denote by C0 a minimal section,
and by f a fiber of p. Let Λ ⊂ Fe be a local complete intersection subscheme of codimension 2, and t > 0
an integer. By [HL97, Theorem 5.1.1], there exists a vector bundle K on Fe fitting into an exact sequence
0 → OFe(tf) → K → IΛOFe(C0) → 0.
Set Y := PFe(K ), with natural projection q : Y → Fe and tautological line bundle OY (1).
Note that the map H0(Fe,K ) → H0(Fe,IΛOFe(C0)) is surjective since H
1(Fe,OFe(tf)) vanishes. Sup-
pose moreover that h0(Fe,IΛOFe(C0)) > 1. Let s
′ ∈ H0(Y,OY (1)) be a section mapping to a nonzero
section in H0(Fe,IΛOFe(C0)), and denote by Σ
′ its zero locus. We claim that Σ′ is irreducible. Indeed, if
Σ′ is reducible, then, up to replacing C0 by a linearly equivalent curve, we see that s
′ must vanish along
q−1(C0). Therefore, h
0(Fe,K ⊗OFe(−C0)) > 1, and hence h
0(Fe,OFe(tf −C0)) > 1, which is absurd. This
shows that Σ′ is irreducible. Let Σ be the zero locus of the section of OY (1)⊗ q∗OFe(−tf) corresponding to
OFe(tf) → K . Then the pencil Π ⊂ |OY (1)| generated by Σ + tq
∗f0 and Σ
′ induces a foliation G on Y as
in Proposition 60(6).
64 (Proposition 60(7)). Consider the ruled surface p : Fe → P1, with e > 0, denote by C0 a minimal section,
and by f a fiber of p. Let Λ ⊂ Fe be a local complete intersection subscheme of codimension 2. By [HL97,
Theorem 5.1.1], there exists a vector bundle K on Fe fitting into an exact sequence
0 → OFe → K → IΛOFe(C0 + f) → 0.
Set Y := PFe(K ), with natural projection q : Y → Fe and tautological line bundle OY (1).
Note that the map H0(Fe,K ) → H0(Fe,IΛOFe(C0 + f)) is surjective since H
1(Fe,OFe) vanishes. We
assume moreover that h0(Fe,IΛOFe(C0 + f)) > 1, and that there exists a curve C ∼ C0 + f with Λ ⊂ C
and such that, for any proper subcurve C′ ( C, Λ 6⊂ C′.
Let Σ be the zero locus of the section of OY (1) corresponding to the map OFe → K . Then Σ is
a section of q over q−1(Supp(Λ)), and hence it is irreducible. Let Σ′ be the zero locus of the section
s′ ∈ H0(Fe,OY (1)) that lifts the section of H0(Fe,IΛOFe(C0 + f)) whose divisor of zeroes is C. We claim
that Σ′ is irreducible. Suppose otherwise. Then s′ must vanish along a subcurve C′ of C. This implies that
h0(S,IΛOFe(C0 + f − C
′)) 6= 0. Therefore, C′ is a proper subcurve of C, and Λ ⊂ C′′ where C′′ is such
that C = C′ ∪ C′′, contrary to our assumptions. This shows that Σ′ is irreducible. The pencil Π ⊂ |OY (1)|
generated by Σ and Σ′ has only irreducible members, and induces a foliation G on Y as in Proposition 60(7).
Now we go back to the problem of describing K and G that appear in Proposition 56. It remains to
consider the case when S ∼= P2, and det(G ) ∼= q∗OP2(a) with a ∈ {1, 2}. Proposition 65 below addresses the
case a = 2, while Proposition 68 addresses the case a = 1.
Proposition 65. Let K be a rank 2 vector bundle on P2. Set Y := PP2(K ), with natural projection
q : Y → P2 and tautological line bundle OY (1). Let G ⊂ TY be a codimension one foliation on Y with
det(G ) ∼= q∗OP2(2). Then one of the following holds.
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(1) There exist integers a and s, with s > 1, such that K ∼= OP2(a)⊕OP2(a+ s), and G is induced by a
pencil in |OY (1)⊗ q∗OP2(−a)| containing a divisor of the form Σ+ sq
∗ℓ0, where Σ is the section of
q corresponding to the map OP2(a)⊕ OP2(a+ s)։ OP2(a), and ℓ0 ⊂ P
2 is a line.
(2) There exist an integer a and a local complete intersection subscheme Λ ⊂ P2 of codimension 2 such
that h0(P2,IΛOP2(1)) > 1, K fits into an exact sequence
0 → OP2 → K ⊗ OP2(−a) → IΛOP2(1) → 0,
and G is induced by a pencil of irreducible members of |OY (1)⊗q∗OP2(−a)| containing the zero locus
of the section of OY (1)⊗ q∗OP2(−a) corresponding to the map OP2 → K ⊗ OP2(−a).
Proof. The proof is very similar to that of Proposition 60, and so we leave some easy details to the reader.
To ease notation, set S := P2, and write OS(1) for OP2(1).
Since TY/S 6⊆ G , the natural map TY → q
∗TS induces an injective morphism of sheaves G → q∗TS. There
is a line ℓ0 ⊂ P
2 such that the divisor of zeroes of the induced map q∗OP2(2) ∼= det(G )→ q
∗ det(TS) is q
∗ℓ0.
Note that G induces a flat connection on q : Y → S over q−1(Supp(ℓ0)).
Let ℓ ⊂ P2 be a general line, set Yℓ := q−1(ℓ) and qℓ := q|Yℓ : Yℓ → ℓ. Since TY/S 6⊆ G , G induces a
foliation by curves Cℓ ⊂ TYℓ . As in the claim in the proof of Proposition 60, one checks that Cℓ
∼= q∗ℓOP1(1),
Yℓ ∼= Fs with s > 1, and Cℓ is induced by a pencil containing σ0+ sf , where σ0 denotes the minimal section,
and f a fiber of qℓ : Yℓ → ℓ.
One then shows that G has algebraic leaves, and it is induced by a pencil Π ⊂ |OY (1)⊗ q∗OS(−a)|, where
a is such that K|ℓ ∼= OP1(a)⊕ OP1(a+ s).
Any member of Π is of the form Σ + uq∗ℓ0, where Σ is irreducible and has relative degree 1 over S, and
u > 0 is an integer. In particular, the ramification divisor of the rational first integral for G , π : Y 99K P1,
must be of the form R(π) = cq∗ℓ0, c > 0. An easy computation shows that c = s− 1. In particular, if s > 2,
then Π contains a member of the form Σ+ sq∗ℓ0, where Σ is irreducible and has relative degree 1 over S.
Case 1: Suppose that Π contains a member of the form Σ + uq∗ℓ0, where Σ is irreducible and has relative
degree 1 over S, and u > 0 is an integer. It follows from the description of Cℓ above that u = s, and Σ ∩ Yℓ
is the minimal section of qℓ : Yℓ ∼= Fs → ℓ. If Σ′ is the closure of a general leaf of G , then Σ ∩ Σ′ ∩ Yℓ = ∅.
This implies that Σ ∩ Σ′ ∩ q−1(b) = ∅ for a general point b ∈ ℓ0. One can find an open subset V ⊂ S, with
codimS(S \V ) > 2, such that Σ∩ q−1(V ) and Σ′ ∩ q−1(V ) are sections of q|q−1(V ), and Σ∩Σ
′ ∩ q−1(V ) = ∅.
Therefore, there are line bundles B1 and B2 on S such that K ∼= B1 ⊕ B2, and Σ corresponds to the
surjection B1⊕B2 ։ B1. From the description of K|ℓ, we see that B1 ∼= OS(a), and B2 ∼= OS(a+ s). This
is case (1) in the statement of Proposition 65.
Case 2: Suppose then that all members of Π are irreducible. In particular, we must have s = 1. Then the
section Σ gives rise to an exact sequence
0 → OS → K ⊗M → IΛOS(1) → 0,
where Λ ⊂ S is a closed subscheme with codimSΛ > 2. If Λ = ∅, then the sequence splits since h1(S,OS(−1)) =
0. But then Π contains a reducible member, a contradiction. Thus Λ 6= ∅, and Λ is a local complete inter-
section subscheme. This is case (2) in the statement of Proposition 65. 
Next we give examples of foliations of the type described in Proposition 65(2).
66. Let Λ ⊂ P2 be a local complete intersection subscheme of codimension 2. By [HL97, Theorem 5.1.1],
there exists a vector bundle K on P2 fitting into an exact sequence
0 → OP2 → K → IΛOP2(1) → 0.
Set Y := PFe(K ), with natural projection q : Y → P
2 and tautological line bundle OY (1).
Note that the map H0(P2,K )→ H0(P2,IΛOP2(1)) is surjective since H
1(P2,OP2) vanishes. We assume
moreover that h0(P2,IΛOP2(1)) > 1, and let ℓ0 be a line in P
2 such that Λ ⊂ ℓ0. Let Σ be the zero locus
of the section of OY (1) corresponding to OP2 → K . Then Σ is a section of q over q
−1(Supp(Λ)), and hence
it is irreducible. Let s′ ∈ H0(P2,OY (1)) be a section lifting the section H0(P2,IΛOP2(1)) corresponding to
ℓ0, and denote by Σ
′ its zero locus. We claim that Σ′ is irreducible. Indeed, if Σ′ is reducible, then s′ must
vanish along ℓ0. On the other hand, h
0(P2,OP2(−1)) = h
0(P2,IΛ) = 0, and hence h
0(P2,K ⊗OP2(−1)) = 0,
yielding a contradiction.
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Therefore, the pencil Π ⊂ |OY (1)| generated by Σ and Σ′ induces a foliation G on Y as in Proposition
65(2).
Example 67. Set Y := PP2(TP2), denote by q : Y → P
2 the natural projection, and by OY (1) the tautological
line bundle. Let p : Y → P2 be the morphism induced by the linear system |OY (1)⊗ q∗OP2(−1)|. If C ⊂ TP2
is a degree zero foliation, then G := p−1(C ) is a codimension one foliation on Y with det(G ) ∼= q∗OP2(2) as
in Proposition 65(2). Let F be the closure of a leaf of G . Then q|F : F → P
2 is the blow up of P2 at a point
on the line q(p−1(Sing(C ))).
Proposition 68. Let K be a rank 2 vector bundle on P2. Set Y := PP2(K ), with natural projection q : Y →
P2 and tautological line bundle OY (1). Let G be a codimension one foliation on Y with det(G ) ∼= q∗OP2(1),
and suppose that G is not algebraically integrable. Then there exist
• a rational map ψ : Y 99K S = Pℓ(K|ℓ), where ℓ ⊂ P
2 is a general line, giving rise to a foliation by
rational curves M ∼= q∗OP2(1) on Y , which lifts a degree zero foliation on P
2;
• a rank 1 foliation N on S induced by a global vector field;
such that G is the pullback of N via ψ.
Proof. First note that TY/P2 6⊆ G . Indeed, if TY/P2 ⊆ G , then G would be the pullback via q of a foliation
on P2. Denote by f ∼= P1 a general fiber of q : Y → P2. Then, by 11, OP1 ∼= det(G )|f ∼= (TY/S)|f ∼= OP1(2)
which is absurd.
Let A be a very ample line bundle on Y . Since G is not algebraically integrable, by [AD13, Proposition
7.5], there exists an algebraically integrable subfoliation by curves M ⊂ G such that M · A 2 > det(G ) ·
A 2 > 1. Moreover, M does not depend on the choice of the very ample line bundle A on Y . Therefore
M · (q∗OP2(k)⊗A )
2 > det(G ) · (q∗OP2(k)⊗A )
2 > 0 for all k > 1, and hence M · f > 0.
So we can write M ∼= OY (a) ⊗ q∗OP2(b) for some integers a and b, with a > 0. Since TY/P2 6⊆ G ,
there exists an injection of sheaves M → q∗TP2 , and hence we must have a = 0. On the other hand, since
M · A 2 > 1, we must have b > 1. Since the map M → q∗TP2 induces a nonzero map OP2(b) → TP2, we
conclude that b = 1 by Bott’s formulas. So M ∼= q∗OP2(1).
Let p ∈ P2 be the singular locus of the degree zero foliation OP2(1) ⊂ TP2 induced by the map M → q
∗TP2 .
Then M ⊂ TY is a regular foliation (with algebraic leaves) over q−1(P2 \ {p}). By Lemma 59, a general
leaf of M maps isomorphically to a line in P2 through the point p. This implies that the space of leaves
of M can be naturally identified with S = Pℓ(K|ℓ), where ℓ ⊂ P
2 is a general line. Moreover, the natural
morphism q−1(P2 \ {p})→ S is smooth. Hence, by (11), G is the pullback of a rank 1 foliation N ∼= OS on
S. 
Remark 69. Let E be a vector bundle on a smooth complex variety Z. Set Y := PZ(E ), with natural
projection q : Y → Z. Let W be a line bundle on Z, and V ∈ H0(Z, TZ⊗W ) a twisted vector field on Z. By
[CL77, Proposition 1.1] and [AD13, Lemma 9.5], the map W ∗ ⊂ TZ induced by V lifts to a map q
∗W ∗ → TY
if and only if E is V -equivariant, i.e., if there exists a C-linear map V˜ : E → W ⊗ E lifting the derivation
V : OT → W .
Example 70. Set Y := PP2(OP2 ⊕OP2(1)), with natural projection q : Y → P
2 and tautological line bundle
OY (1). Let p : Y → P3 be the morphism induced by the linear system |OY (1)|. It is the blow-up of P3 at a
point x. Let y ∈ P3 \ {x}, and denote by ̟ : P3 99K P2 the linear projection from y. Let C ∼= OP2 ⊂ TP2 be
a degree one foliation on P2, singular at the point ̟(x), and let G ⊂ TY be the pullback of C via ̟ ◦ p. It
is a codimension one foliation on Y . An easy computation shows that det(G ) ∼= q∗OP2(1). The rational map
̟ : P3 99K P2 induces a foliation by curves M ∼= q∗OP2(1) on Y , which lifts the degree zero foliation on P
2
given by the linear projection from the point q(p−1(y)) ∈ P2. The space T of leaves of M can be naturally
identified with S = F1, and G is the pullback via the induced rational map Y 99K S of a foliation induced
by a global vector field on S.
4.5. Proof of Theorem 7.
Let X , F and L be as in Assumptions 37. By Theorem 18, KX + (n− 3)L is not nef, i.e., τ(L) > n− 3.
By Theorem 40, τ(L) ∈ {n− 2, n− 1, n}, unless
(
n, τ(L)
)
∈
{
(5, 52 ), (4,
3
2 ), (4,
4
3 )
}
.
Step 1: We show that τ(L) > n− 2.
Suppose to the contrary that
(
n, τ(L)
)
∈
{
(5, 52 ), (4,
3
2 ), (4,
4
3 )
}
(Theorem 40(4–6)).
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In cases (4), (5b) and (6) described in Theorem 40, ϕL makes X a fibration over a smooth curve C.
Denote by F the general fiber of ϕL, which is either a projective space or a quadric. By Proposition 43,
F 6= TX/C . Therefore, if ℓ ⊂ X is a general line on F , then ℓ is not tangent to F . By Lemma 20,
(n− 3)L · ℓ = −KF · ℓ 6 −KF · ℓ− 2.
One easily checks that this inequality is violated for those (X,L) in Theorem 40(4), (5b) and (6), yielding a
contradiction.
It remains to consider cases (5a) and (5c) described in Theorem 40. In both cases, X admits a morphism
π : X → S onto a normal surface with general fiber F ∼= P2, and L|F ∼= OP2(2). Let ℓ ⊂ X be a general line
on F ∼= P2. Then L · ℓ = 2. It follows from Lemma 20 that ℓ is tangent to F . By 11, F is the pullback via
π of a foliation by curves G on S. Thus
L|F = (−KF )|F = (−KX/S)|F ,
which is a contradiction.
We conclude that τ(L) > n− 2.
Step 2: We show that τ(L) > n− 1.
Suppose to the contrary that τ(L) = n− 2. Then either
• (X,L) is as in Theorem 40(3a–d); or
• ϕL : X → X ′ is birational.
Suppose that (X,L) is one of the pairs described in Theorem 40(3a–d) and Theorem 38. Then X admits
a morphism π : X → Y onto a normal variety of dimension d, 1 6 d 6 3, with general fiber F a Fano
manifold of dimension n− d, index ιF = n− 2, and
(4.10) −KF = (n− 2)L|F .
Since ιF > dim(F ) − 1, F is covered by rational curves of L-degree 1. So we can apply Lemma 20, and
conclude that F is tangent to F . By 11, F is the pullback via π of a codimension 1 foliation G on Y . So
(n− 3)L|F = (−KF )|F = (−KX/Y )|F ,
which contradicts (4.10).
Suppose now that ϕL : X → X ′ is birational. By Proposition 41, ϕL is the composition of finitely many
disjoint divisorial contractions ϕi : X → Xi of the following types:
(E) ϕi : X → Xi is the blowup of a smooth curve Ci ⊂ Xi, with exceptional divisor Ei. In this case Xi
is smooth, and the restriction of L to a fiber of (ϕi)|Ei : Ei → Ci is isomorphic to OPn−2(1).
(F) ϕi : X → Xi contracts a divisor Fi ∼= Pn−1 to a singular point, and(
Fi,NFi/X ,L|Fi
)
∼=
(
Pn−1,OPn−1(−2),OPn−1(1)
)
.
In this case Xi is 2-factorial. In even dimension it is Gorenstein.
(G) ϕi : X → Xi contracts a divisor Gi ∼= Qn−1 to a singular point, and(
Gi,NGi/X ,L|Gi
)
∼=
(
Qn−1,OQn−1(−1),OQn−1(1)
)
.
In this case Xi factorial.
In particular X ′ is Q-factorial and terminal.
Set L′ := (ϕL)∗(L). The Mukai foliation F induces a foliation F
′ on X ′ such that −KF ′ ∼ (n− 3)L′.
We claim that KX′ + (n − 3)L′ is not pseudo-effective. To prove this, let ∆ ∼Q (n − 3)L be an effective
Q-divisor on X such that (X,∆) is klt, and set ∆′ := (ϕL)∗(∆) ∼Q (n − 3)L′. Since −(KX + ∆) is ϕL-
ample, (X ′,∆′) is also klt. Suppose that KX′ + (n − 3)L
′ ∼Q KX′ + ∆
′ is pseudo-effective. Under these
assumptions, [AD12, Theorem 2.11] states that for any integral divisor D on X ′ such that D ∼Q KX′ +∆′,
h0
(
X,Ω1X′ [⊗]OX′(−D)
)
= 0. On the other hand, by 10, F ′ gives rise to a nonzero global section ω ∈
H0
(
X,Ω1X′ [⊗]OX′
(
− (KX′ − (n − 3)L′)
))
, yielding a contradiction and proving the claim. In particular,
KX′ + (n− 3)L′ is not nef, and Proposition 41 implies that one of the following holds.
(1) n = 6 and
(
X ′,OX′(L
′)
)
∼=
(
P6,OP6(2)
)
.
(2) n = 5 and one of the following holds.
(a)
(
X ′,OX′(L
′)
)
∼=
(
Q5,OQ5(2)
)
.
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(b) X ′ is a P4-bundle over a smooth curve, and the restriction of OX′(L
′) to a general fiber is
OP4(2).
(c)
(
X,OX(L)
)
∼=
(
PP4
(
OP4(3)⊕ OP4(1)
)
,OP(1)
)
.
(3) n = 4 and one of the following holds.
(a)
(
X ′,OX′(L
′)
)
∼=
(
P4,OP4(3)
)
.
(b) X ′ is a Gorenstein del Pezzo 4-fold and 3L′ ∼Q −2KX′.
(c) ϕL′ makes X
′ a generic quadric bundle over a smooth curve C, and for a general fiber F ∼= Q3
of ϕL′ , OF
(
L′|F
)
∼= OQ3(2).
(d) ϕL′ makes X
′ a generic P2-bundle over a normal surface S, and for a general fiber F ∼= P2 of
ϕL′ , OF
(
L′|F
)
∼= OP2(2).
(e)
(
X ′,OX′(L
′)
)
∼=
(
Q4,OQ4(3)
)
.
(f) ϕL : X → X ′ factors through X˜, the blowup of P4 along a cubic surface S contained in a
hyperplane. The exceptional locus of the contraction X˜ → X ′ is the strict transform of the
hyperplane of P4 containing S, and it is of type (F) above.
(g) ϕL : X → X ′ factors through X˜ , a conic bundle over P3. The exceptional locus of the contraction
X˜ → X ′ consists of a single prime divisor of type (F) above.
(h) ϕL′ makes X
′ a P3-bundle over a smooth curve C, and for a general fiber F ∼= P3 of ϕL′ ,
OF
(
L′|F
)
∼= OP3(3).
(i)
(
X ′,OX′(L
′)
)
∼=
(
P4,OP4(4)
)
.
(j) X ′ ⊂ P10 is a cone over
(
P3,OP3(2)
)
and L′ ∼Q 2H , where H denotes a hyperplane section in
P10.
If X ′ is a Fano manifold with ρ(X ′) = 1, then F ′ is a Fano foliation with −KF ′ ∼ (n − 3)L′. By
Theorem 3, ιF ′ 6 n − 1, and equality holds only if X ′ ∼= Pn, in which case F ′ is induced by a pencil of
hyperplanes. As a consequence, (X ′, L′) cannot be as in (1), (2a), (3e) and (3i).
Suppose that
(
X ′,O(L′)
)
∼=
(
P4,OP4(3)
)
, i.e., (X,L) is as in (3a). Then F ′ is induced by a pencil
of hyperplanes in P4. Denote by H ∼= P2 the base locus of this pencil. Since X ′ ∼= P4 is smooth, by
Proposition 41, ϕL : X → P4 is the blowup of finitely many disjoint smooth curves Ci ⊂ P4, 1 6 i 6 k.
Denote by Ei ⊂ X the exceptional divisor over Ci, and by Fi ∼= Pn−2 a fiber of (ϕL)|Ei . Let
ω ∈ H0
(
P4,Ω1P4 ⊗ OP4(2)
)
be the 1-form defining F ′. An easy computation shows that (ϕL)
∗ω vanishes along Ei (with multiplicity
exactly 2) if and only if Ci ⊂ H . So (ϕL)∗ω induces a section that does not vanish in codimension 1
ωF ∈ H
0
(
X,Ω1X ⊗ (ϕL)
∗(OP4(2))⊗ OX(−
k∑
i=1
ǫiEi)
)
,
where ǫi = 2 if Ci ⊂ H , and ǫi = 0 otherwise. This is precisely the 1-form defining F . Hence,
NF ∼= OX(−KX +KF ) ∼= (ϕL)
∗(OP4(2))⊗ OX(−
k∑
i=1
ǫiEi),
and thus
OPn−2(1) ∼= OX(−KX +KF )|Fi
∼= OPn−2(ǫi),
yielding a contradiction. We conclude that (X ′, L′) cannot be as in (3a).
Next we consider the cases in which X ′ admits a morphism π : X ′ → C onto a smooth curve, with general
fiber F isomorphic to either Pn−1 or Qn−1 (these are cases (2b), (3c) and (3h)). By Proposition 43, F is
not the relative tangent to the composed morphism ϕL ◦ π : X → C. Hence, F ′ 6= TX′/C , and a general line
ℓ ⊂ F is not tangent to F ′. By Lemma 19,
(n− 3)L′ · ℓ = −KF ′ · ℓ 6 −KF · ℓ− 2.
One easily checks that this inequality is violated for those (X ′, L′) in cases (2b), (3c) and (3h).
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Next we show that (X,L) cannot be as in (2c). Suppose to the contrary that
(
X,OX(L)
)
∼=
(
PP4
(
OP4(3)⊕ OP4(1)
)
,OP(1)
)
.
Let ℓ ⊂ X be a general fiber of the natural projection π : X = PP4
(
OP4(3)⊕OP4(1)
)
→ P4. Since −KF ·ℓ = 2,
ℓ is tangent to F by Lemma 20. By 11, F is the pullback via π of a codimension 1 foliation G on P4. By
(2.2), det(G ) ∼= OP4(4), which is impossible by Theorem 3.
We show that (X ′, L′) cannot be as in (3b). Suppose to the contrary that X ′ is a Gorenstein del Pezzo
4-fold and 3L′ ∼Q −2KX′. Then there is an ample Cartier divisor H ′ on X ′ such that L′ ∼Q 2H ′ and
−KX′ ∼ 3H ′. Notice that X ′ has isolated singularities. Let Y ∈ |H ′| be a general member.
We claim that Y is a smooth 3-fold. Suppose first that (H ′)4 > 2. Then |H ′| is basepoint free by [Fuj90b,
Corollary 1.5], and hence Y is smooth by Bertini’s Theorem. Suppose now that (H ′)4 = 1. By [Fuj90a,
Theorem 4.2] (see also [Fuj90a, 6.3 and 6.4]), dim(Bs(H ′)) 6 0. Thus, if H ′1, . . . , H
′
4 are general members of
|H ′|, then H ′1, . . . , H
′
4 meets properly in a (possibly empty) finite set of points, and (H
′)4 = deg(H ′1∩· · ·∩H
′
4)
(see [Ful98, Example 2.4.8]). Since (H ′)4 = 1, H ′1 ∩ · · · ∩ H
′
4 is a reduced point x, X
′ is smooth at x, and
the local equations of H ′1, . . . , H
′
4 at x form a regular sequence in OX′,x. In particular, H
′
i is smooth at x for
all i ∈ {1, . . . , 4}. By Bertini’s Theorem again, we conclude that Y is smooth.
Set HY := H
′
|Y , and denote by H the codimension one foliation on Y induced by F
′. By the adjunction
formula, −KY = 2HY , and hence Y is a del Pezzo threefold. By 13, there exists a non-negative integer b such
that −KH = (1+b)HY . By Theorem 3, we must have b ∈ {0, 1}, and hence H is a Fano foliation. It follows
from Thereom 4 and the classification of del Pezzo manifolds that Y ∼= P3, b = 0, and (HY )
3 = (H ′)4 = 8.
Therefore, H ′ is very ample by [Fuj90a, 6.2.3], so that we can apply [Fuj82, Theorem 3] to conclude that
one of the following holds.
• X ′ is a cubic hypersurface in P5.
• X ′ is a complete intersection of two quadric hypersurfaces in P6.
• X ′ is a cone over a Gorenstein del Pezzo 3-fold.
• dim(Sing(X ′)) > 1.
In the first two cases, (H ′)4 = 3 and (H ′)4 = 4, respectively. Since X ′ has isolated singularities, we conclude
that X ′ must be a cone over
(
P3,OP3(2)
)
. Denote by π : X → P3 the induced map, and by ℓ a general fiber
of π. One computes that L · ℓ = 1. By Lemma 20, ℓ is tangent to F . So, by 11, F is the pullback via π of
a codimension 1 foliation G on P3. Thus
L|ℓ = (−KF )|ℓ = (−KX/P3)|ℓ = −Kℓ,
which is absurd. This shows that (X ′, L′) cannot be as in (3b).
We show that (X ′, L′) cannot be as in (3d). Suppose to the contrary that ϕL′ makes X
′ a generic P2-
bundle over a normal surface S, and for a general fiber F ∼= P2 of ϕL′ , OF
(
L′|F
)
∼= OP2(2). Lemma 19 implies
that F is tangent to F ′. By 11, F ′ is the pullback via ϕL′ of foliation by curves G on S, and thus
L′|F = (−KF ′)|F = (−KX′/S)|F ,
which is a contradiction.
In cases (3f), (3g) and (3j), ϕL : X → X ′ factors through a factorial 4-fold X˜. Denote by L˜ the push-
forward of L to X˜. The Mukai foliation F induces a foliation F˜ on X˜ such that −K
F˜
∼ L˜.
In case (3f), X˜ is the blowup of P4 along a cubic surface S contained in a hyperplane F ⊂ P4. Denote
by F˜ ⊂ X˜ the strict transform of F , so that NF˜ /X˜
∼= OP3(−2) and OF˜
(
L˜|F˜
)
∼= OP3(1). We will reach a
contradiction by exhibiting a family H of rational curves on X˜ such that
(1) the general member of H is a curve tangent to F˜ ; and
(2) two general points of X˜ can be connected by a chain of curves from H avoiding the singular locus
of F˜ .
We take H to be the family of strict transforms of lines in P4 meeting S and not contained in F ∼= P3.
It is a minimal dominating family of rational curves on X˜ satisfying condition (2) above. Let ℓ ⊂ X˜ be a
general member of H . One computes that −KX˜ · ℓ = 4 and −KF˜ · ℓ = L˜ · ℓ > 3. For the latter, notice that
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ℓ ≡ ℓ1+2ℓ2, where ℓ1 ⊂ F˜ is a line under the isomorphism F˜ ∼= P3, and ℓ2 is a nontrivial fiber of the blowup
X˜ → P4. Condition (1) above then follows from Lemma 20. We conclude that (X ′, L′) cannot be as in (3f).
In case (3g), X˜ is a conic bundle over P3. Moreover, there is a divisor F ⊂ X mapping isomorphically
onto its image by X → X˜ , and such that (F,NF/X) ∼=
(
P3,OP3(−2)
)
. Denote by π : X → X˜ → P3 the
composite map, and by ℓ a general fiber of π. By Lemma 20, ℓ is tangent to F . So, by 11, F is the pullback
via π of a codimension 1 foliation G on P3. Let C ⊂ P3 be a general line, and set S := π−1(C). Note that
S is smooth, πC := π|C : S → C is a conic bundle, and the foliation on S induced by F is precisely TS/C .
Hence, by 13, there is an effective divisor B on S such that
(4.11) −KS = L|S + B.
On the other hand, by 11,
(4.12) L|S = −KS/C + (πC)
∗c1
(
G|C
)
.
Equations (4.11) and (4.12) together imply that B = (πC)
∗BC for some effective divisor BC on C, and thus
−KS is ample. We will reach a contradiction by exhibiting a curve σ ⊂ S such that −KS · σ 6 0. We take
σ := F ∩ S. Using that OF (F ) ∼= OP3(−2), the adjunction formula implies that −KS · σ 6 0. We conclude
that (X ′, L′) cannot be as in (3g).
In case (3j), X˜ = PP3(OP3 ⊕ OP3(−2)). Denote by π : X → X˜ → P
3 the composite map, and by ℓ a
general fiber of π. One computes that L · ℓ = 1. By Lemma 20, ℓ is tangent to F . So, by 11, F is the
pullback via π of a codimension 1 foliation G on P3. Thus
L|ℓ = (−KF )|ℓ = (−KX/P3)|ℓ = −Kℓ,
which is a contradiction.
We conclude that τ(L) > n− 1.
Step 3: We show that if τ(L) = n− 1, then one of the following conditions hold.
(i) X admits a structure of quadric bundle over a smooth curve. In this case, by Proposition 52, X and
F are as described in Theorem 7(3).
(ii) X admits a structure of Pn−2-bundle over a smooth surface. In this case, by section 4.4, X and F
are as described in Theorem 7(4).
(iii) n = 5, ϕL : X → P
5 is the blowup of one point P ∈ P5, and F is induced by a pencil of hyperplanes
in P5 containing P in its base locus. This gives Theorem 7(5).
(iv) n = 4, ϕL : X → P4 is the blowup of at most 8 points in general position on a plane P2 ∼= S ⊂ P4,
and F is induced by the pencil of hyperplanes in P4 with base locus S. This gives Theorem 7(6).
(v) n = 4, ϕL : X → Q4 is the blowup of at most 7 points in general position on a codimension 2 linear
section Q2 ∼= S ⊂ Q4, and F is induced by the pencil of hyperplanes sections of Q4 ⊂ P5 with base
locus S. This gives Theorem 7(7).
Suppose that τ(L) = n− 1. By Theorem 40, one of the following holds.
• X admits a structure of quadric bundle over a smooth curve. This is case (i).
• X admits a structure of Pn−2-bundle over a smooth surface. This is case (ii).
• ϕL : X → X ′ is the blowup of a smooth projective variety at finitely many points P1, . . . , Pk ∈ X ′.
Suppose that we are in the latter case, and denote the exceptional prime divisors of ϕL by Ei, 1 6 i 6 k.
Set L′ := (ϕL)∗(L). It is an ample divisor on X
′ and
(4.13) L +
k∑
i=1
Ei = (ϕL)
∗L′.
The Mukai foliation F induces a Fano foliation F ′ on X ′ such that −KF ′ ∼ (n− 3)L′. By Theorem 18,
KX′+(n−3)L
′ is not nef, i.e., τ(L′) > n−3. On the other hand, sinceKX′+(n−1)L
′ = (ϕL)∗
(
KX+(n−1)L
)
is ample, τ(L′) < n− 1. It follows from Theorem 40, together with steps 1 and 2 above, that ρ(X ′) = 1. Let
H ′ be the ample generator of Pic(X ′), and write L′ ∼ λH ′, λ > 1. Then −KX′ = ιX′H ′, −KF ′ = λ(n−3)H ′
and
(4.14) τ(L′) =
ιX′
λ
< n− 1.
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By Lemma 27,
(4.15) ιX′ > λ(n− 3) + 2.
Inequalities (4.14) and (4.15) together yield that λ > 2. On the other hand, by Theorem 3, ιF ′ = λ(n−3) 6
n− 1. Thus (n, λ) ∈
{
(5, 2), (4, 3), (4, 2)
}
.
Let ω′ ∈ H0
(
X ′,Ω1X′
(
− KX′ − (n − 3)L
′
))
be the twisted 1-form defining F ′. The induced twisted
1-form (ϕL)
∗ω′ ∈ H0
(
X,Ω1X
(
(ϕL)
∗(−KX′ − (n − 3)L
′)
))
saturates to give the twisted 1-form defining F ,
ωF ∈ H0
(
X,Ω1X
(
−KX − (n− 3)L
))
. Using (4.13), one computes that
−KX − (n− 3)L = (ϕL)
∗
(
−KX′ − (n− 3)L
′
)
+ 2
k∑
i=1
Ei.
Thus (ϕL)
∗ω′ must vanish along each Ei with multiplicity exactly 2.
Suppose that (n, λ) = (5, 2). Then ιF ′ = rank(F
′) and, by Theorem 3, X ′ ∼= P5, and F ′ is a foliation
induced by a pencil of hyperplanes in P5. We claim that ϕL : X → P5 is the blowup of only one point.
Indeed, if ϕL : X → P5 blows up at least 2 points P and Q, let ℓ be a line connecting P and Q, and ℓ˜ ⊂ X
its strict transform. We get a contradiction by intersecting (4.13) with ℓ˜, and conclude that ϕL : X → P5 is
the blowup of a single point P ∈ P5, with exceptional divisor E. Moreover, (ϕL)∗ω′ vanishes along E with
multiplicity exactly 2. A local computation shows that this happens precisely when P is in the base locus
of the pencil of hyperplanes defining F ′.
Suppose that (n, λ) = (4, 3). Then ιF ′ = rank(F
′) and, by Theorem 3, X ′ ∼= P4, and F ′ is a foliation
induced by a pencil of hyperplanes in P4. Moreover, (ϕL)
∗ω′ vanishes along each Ei with multiplicity exactly
2. A local computation shows that this happens precisely when the points Pi all lie in the base locus of the
pencil of hyperplanes defining F ′, which is a codimension 2 linear subspace . Since L = (ϕL)
∗L′ −
∑k
i=1 Ei
is ample, we must have k 6 8 and the Pi’s are in general position by Lemma 71 below.
Suppose that (n, λ) = (4, 2). Then F ′ is a codimension 1 del Pezzo foliation on X ′. By Theorem 4, either
X ′ ∼= P4 and F ′ is a degree 1 foliation, or X ′ ∼= Q4 ⊂ P5 and F ′ is induced by a pencil of hyperplane
sections.
Suppose first that X ′ ∼= P4 and F ′ is a degree 1 foliation. The same argument used in the case (n, λ) =
(5, 2) shows that ϕL : X → P4 is the blowup of only one point P ∈ P4, with exceptional divisor E. Moreover,
(ϕL)
∗ω′ vanishes along E with multiplicity exactly 2. A local computation shows that this cannot happen.
Finally suppose that X ′ ∼= Q4 ⊂ P5 and F ′ is induced by a pencil of hyperplane sections. Moreover,
(ϕL)
∗ω′ vanishes along each Ei with multiplicity exactly 2. A local computation shows that this happens
precisely when the points Pi all lie in the base locus of the pencil defining F
′, which is a codimension 2
linear section of Q4. Since L = (ϕL)
∗L′ −
∑k
i=1Ei is ample, we must have k 6 7 and the Pi’s are in general
position by Lemma 71 below.
Step 4: Finally suppose that τ(L) = n. By Theorem 40, X admits a structure of Pn−1-bundle over a
smooth curve. In this case, by Proposition 45, X and F are as described in Theorem 7(1) or (2). 
Lemma 71. (1) Let π : X → P4 be the blowup of finitely many points P1, . . . , Pk contained in a codi-
mension 2 linear subspace S ∼= P2, and denote by Ei the exceptional divisor over Pi. Then the line
bundle π∗OP4(3)⊗OX(−
∑k
i=1 Ei) is ample if and only if k 6 8 and the Pi’s are in general position
in P2.
(2) Let π : X → Q4 be the blowup of a smooth quadric at finitely many points P1, . . . , Pk contained in
a codimension 2 linear section S, and denote by Ei the exceptional divisor over Pi. Then the line
bundle π∗OQ4(2)⊗OX(−
∑k
i=1 Ei) is ample if and only if k 6 7 and the Pi’s are in general position
in S.
Proof. Under the assumptions of (1) above, write L = π∗3H−
∑k
i=1Ei, where H is a hyperplane in P
4. The
divisor L is ample if and only if |mL| separates points in X for m ≫ 1. Notice that |L| always separates
points outside the strict transform S˜ of the plane S ⊂ P4. Moreover, for m > 0, any global section of
36 CAROLINA ARAUJO AND STE´PHANE DRUEL
OS˜
(
mL|S˜
)
extends to a global section of OX(mL). Hence, L is ample if and only if L|S˜ is ample. Now notice
that
L|S˜ = p
∗(−KS) −
k∑
i=1
Ei|S˜ = −KS˜,
where p = π|S˜ : S˜ → S
∼= P2 is the blowup of P2 at P1, . . . , Pk. Therefore, L is ample if and only if −KS˜ is
ample, i.e., k 6 8 and the Pi’s are in general position in P
2.
Now we proceed to prove (2). Let S˜ be the strict transform of the (possibly singular) irreducible quadric
surface S ⊂ Q4. Write as above L = π∗2H −
∑k
i=1 Ei, where H ⊂ Q
4 is a hyperplane section. Notice that
|L| always separates points outside S˜. Moreover, any global section of OS˜
(
L|S˜
)
extends to a global section
of OX(L). Suppose that L is ample, so that L|S˜ = −KS˜ is ample as well. Then k 6 7 and the Pi’s are
in general position in S. Conversely, suppose that k 6 7, and the Pi’s are in general position in S. Then
dim(Bs(−KS˜)) 6 0, and hence dim(Bs(L)) 6 0. We conclude that L is ample by Zariski’s Theorem ([Laz04,
Remark 2.1.32]). 
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